Effective phonon theory of heat conduction in 1D nonlinear lattice chains by LI NIANBEI
EFFECTIVE PHONON THEORY OF HEAT CONDUCTION IN
1D NONLINEAR LATTICE CHAINS
LI NIANBEI
A THESIS SUBMITTED FOR THE DEGREE OF DOCTOR OF
PHILOSOPHY
DEPARTMENT OF PHYSICS
NATIONAL UNIVERSITY OF SINGAPORE
2007
Acknowledgements
First I would like to thank my dear parent for their consistent support. They
always have confidence on me and encourage me to go further and further along this
academic avenue.
There would be no this beautiful research work without the guidance of Prof. Li
Baowen, my dear supervisor. He is such a tutor with great passion and enthusiasm
acting like a high temperature thermostat with tremendous heat capacity. I can
always gain momentum by absorbing the energy from him. Determination, focus,
diligence, insight, ......, I have learned a lot from him.
I would also like to thank Prof. Wang Wenge, Prof. Tong Peiqing, Dr. Wang
Lei and Dr. Lan Jinghua for their valuable suggestions and comments.
Many thanks to the colleagues under the same roof, Mr. Lo Wei Chung, Mr.
Yang Nuo, Mr. Dario Poletti, Dr. Zhang Gang.
Finally, I would like to thank all my friends for experiencing the four years in
Singapore along with me. I really enjoy these days.
i
Summary
This thesis deals with the classical heat conduction of 1D nonlinear lattices. A new
theory of heat conduction, Effective Phonon Theory, has been developed based on
the effective phonons.
The effective phonons are the renormalized phonons due to the nonlinear in-
teraction of nonlinear lattices. Their broad existence is found for lattices without
on-site potential and lattices with on-site potential. For lattices without on-site
potential, the resulted effective phonons are acoustic-like. For lattices with on-site
potential, the effective phonons are optical-like. These properties are considered
by the Debye formula of heat conductivity in terms of effective phonons and the
anomalous/normal heat conduction for lattices without/with on-site potential is
well explained by this effective phonon theory.
A correlation between nonlinearity strength and heat conductivity has been
found through numerical simulations. By incarnating this nonlinearity strength
into the expression for the mean-free-path of effective phonons, the temperature
dependence of heat conductivity is explained consistently by the effective phonon
theory for lattices without on-site potential and lattices with on-site potential, at
ii
SUMMARY iii
low temperature regimes and high temperature regimes.
The effective phonon theory is applied to the 1D φ4 lattice with strong harmonic
on-site potential. The parameter dependence of heat conductivity beyond the size
and temperature dependence has been derived and compared with the numerical
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Heat conduction as a fundamental physical phenomenon has been investigated for
centuries. When there exists a temperature gradient ∇T within a body, heat energy
will flow from the region of high temperature to the region of low temperature. This
phenomenon is known as the heat conduction, and is described by the macroscopic
Fourier’s Law (named after the French physicist Joseph Fourier):
j = −κ∇T (1.1)
where the heat flux j is the amount of heat transported through the unit surface per
unit time. Under steady state conditions, the heat conductivity κ is defined as an
intensive variable, which means that it doesn’t depend on the size of the considered
material. Although this Fourier’s heat conduction law is an empirical law, there
is no exception for bulk materials which have been measured so far. The ultimate
1
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challenge for physicists is that can we yield a macroscopic equation like Eq.(1.1)
from a microscopic Hamiltonian only with the help of statistical mechanics? The
answer is NO and it is fair to say that we are not even close.
The establishment of microscopic mechanism for heat conduction is still far-
away. However, the magnitude of this difficulty has been dramatically downgraded
by physicists by considering the one-dimensional (1D) lattice models in stead of
three-dimensional (3D) realistic materials. This simplification comes from two sides.
Firstly, the 1D lattice models are mathematically simpler than the 3D cases. Sec-
ondly, the 1D lattice can be easily modeled by computer simulations. Modern com-
puters are so powerful that the calculations can be performed to a very large lattice
length where the system already shows some asymptotic behavior which is believed
to exist in the thermodynamic limit N → ∞. The transport processes in lattice
are modeled by the vibrations of lattice atoms with nearest neighbor interactions
coupled with two thermostats with different temperatures. These kinds of computer
simulations based on stationary Non-Equilibrium Molecular Dynamics (NEMD) are
the well-known Numerical Experiments. On the study of heat conduction, the nu-
merical experiments are very powerful in the sense of convenient parameter con-
trolling. More importantly, they yield statistical observables from the microscopic
Hamiltonians which will give crucial clues for the development of microscopic theory
of heat conduction. With all these advantages we have mentioned above, enormous
numerical experiments of heat conduction in 1D lattice models have been performed
by physicists all over the world to reveal the transport processes. The expectations
are so high. However with the numerical results coming out, physicists are getting
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more confused: the heat conductivities κ in 1D lattice models are found to depend
on lattice length N and will eventually diverge in the thermodynamic limit N →∞.
This is unacceptable for an intensive variable. In another word, the Fourier’s heat
conduction law is broken in 1D lattices. This unexpected transport behavior in 1D
lattice models is referred as Anomalous Heat Conduction as compared with the Nor-
mal Heat Conduction which obeys the Fourier’s heat conduction law. These striking
results bring the imminent challenge: what is the reason for 1D lattices to exhibit
anomalous heat conduction in stead of normal heat conduction? Efforts have been
done in this direction [1] but full understanding of the mechanisms responsible for
anomalous heat conduction or normal heat conduction in 1D lattices is still absent.
The stunning results of anomalous heat conduction from numerical experiments
in 1D lattices also bring the confusion to the type of carriers which transfer the
heat energy along the lattice. Originally phonons are thought to be the carriers
of heat energy. This is because in solid state physics, the concept of phonons -
collective lattice vibrations perfectly interprets the specific heat of solid materials
which is one of the biggest achievements of physics in 20th century. Encouraged by
this achievement, Debye proposed that the heat energy should be transferred by the
diluted interacting phonon gas. In the well-known kinetic theory of ideal gas, the
heat conductivity can be expressed as κ = cvsl/3, where c being the specific heat, vs
the sound velocity and l the mean free path. On analogy with this, Debye proposed










where the phonon relaxation time τk = lk/vk. Peierls extended this idea and pro-
posed his celebrated theoretical approach based on the Boltzmann transport equa-
tion which is now called the Boltzmann-Peierls equation [2]. It is found that the
so-called Umklapp processes from nonlinearity are important for the finite lifetime
of interacting phonons (τk) which will eventually cause the system yields diffusive
energy transport. At one time we thought the problem of heat conduction is resolved
if we can find a way to calculate the phonon relaxation time, at least in principle we
can. However, the non-diffusive energy transport (Anomalous Heat Conduction) ob-
served from numerical experiments in 1D lattices made some physicists suspicious
of the role of phonons in the processes of heat conduction. Phonons are not the
only excitations ever found in the lattices. Some thought that the energy carriers
might be solitons [3–5] which don’t exchange energy between each other even after
collisions. And the energy transfer speed with respect of temperature calculated in
FPU-β model is found in good agreement with the analytic velocity of solitons [6].
Nevertheless, the most difficulty of heat conduction in terms of solitons comes from
the fact that the soliton is derived in the Korteweg-deVries (KdV) partial differential
equation which is just one possible integrable approximation for the discrete FPU
lattice model [7,8]. Besides solitons, breathers (Nonlinear Localized Excitations) [9]
in discrete lattice models are considered as another candidate for the energy carri-
ers. It was believed by some physicists that the heat conduction of 1D lattices with
on-site potential is caused by the interaction between phonons and different type of
breathers [10, 11]. Right now the type of energy carriers is still under debate.
Besides theoretical importance of the study of heat transport in 1D lattices, there
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are also practical requests for the development of heat conduction theory. In nowa-
days techniques, materials exhibiting low-dimensional properties can be constructed
in physical labs. Thanks to the ever growing nanotechnologies, the materials can be
built from macroscopic scale to microscopic scale as well as from three-dimension to
(quasi)-one dimension continuously. Recent experimental techniques [12] even allow
us to directly probe the thermal conductivities of a single carbon fiber, metallic and
nonmetallic wire, a single multi-walled carbon nanotubes and a bundle of several
single-walled carbon nanotubes [13] which exhibit low-dimensional features. There
are also a variety of realistic systems which can be described by 1D or 2D lattice
models. For example, the heat transport in anisotropic crystals [14,15] or magnetic
systems [16] has been explained by the reduced dimensionality and a finite-size heat
conductivity of solid polymers has been observed experimentally [17].
Although the microscopic mechanism of heat conduction is unclear, the potential
applications of nonlinear lattice chains as thermal devices have already been put into
investigation with the aid of computer simulations. By using the nonlinear properties
of 1D lattice models, the prototypes of solid state thermal diode [18–24] and thermal
transistor [25] have been proposed via computer simulations. These thermal devices
are designed to control the heat current just like the semiconductor diodes and
transistors which do with the electric current. Two segments of nonlinear lattices
are coupled together to form the thermal devices, the rectifying and switching effects
are interpreted as the match/mismatch of the phonon band in each segment. Most
recently, the first solid state thermal diode using the same idea has been successfully
realized for carbon nanotubes [26] with rectification ratio of around 10%. To increase
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the efficiency of these thermal devices, the better understanding of heat conduction
is necessary.
As what we have mentioned above, an investigation of heat conduction theory in
1D lattice chains is of theoretical importance as well as practical importance. Before
we go through the literature review of the normal and anomalous heat conduction
in 1D lattice models, the definitions and properties of lattice models, temperature,
heat flux and heat baths which are fundamentals in numerical simulations will be
presented first in the next section.
1.2 Basic Definitions
1.2.1 Lattice models
This thesis mainly focuses on classical lattice chain models in one dimension. A
schematic setup of the systems is presented in Fig.1.1, where a chain of N coupled
particles is considered. The first and the last particle will be contacted with two
heat baths with temperature T+ and T− respectively. The general potential will
consist of interparticle potential V (xi−xi−1) with nearest-neighbor interactions and
substrate on-site potential U(xi), so the Hamiltonian for the general 1D lattice chain







+ V (xi − xi−1) + U(xi)
]
(1.3)
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Figure 1.1: A pictorial representation of a lattice chain of N = 10 coupled oscillators
with substrate on-site potential in contact with two heat baths working at different
temperatures.
where xi is the displacement from equilibrium position of i-th particle, the mass of
particle m is constant for homogeneous lattice chains.
Depending on whether the lattice model has the on-site potential U(xi) or not,
the general 1D nonlinear lattice models are divided into two classes: Lattices without
on-site potential (U(xi) = 0) and Lattices with on-site potential (U(xi) 6= 0).
Lattice without on-site potential
The most famous example of lattice without on-site potential is the well-known
Fermi-Pasta-Ulam (FPU) lattice models [27]. The one with quadratic linear plus
1.2. Basic Definitions 8















is referred as the FPU-α model. However this model is not suitable for NEMD
calculations. The system is not stable due to the cubic nonlinear potential which
causes the particles to escape to infinity.















is referred as the FPU-β model. This system always has stable trajectories and
attracts the most attention. The FPU-β lattice model is the mostly studied 1D
nonlinear lattice model numerically and theoretically in the area of heat conduction.
Lattice with on-site potential
There are two important lattice models with on-site potential in the study of heat















It describes a particle chain connected by harmonic springs subject to an exter-
nal sinusoidal potential. Actually in condensed matter physics, it has been widely
used to model crystal dislocations, charged density wave, magnetic spirals, absorbed
epitaxial monolayers, etc [28–34].
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It has the quartic nonlinear substrate on-site potential besides the quadratic inter-
particle potential. The continuous φ4 model is a well-known model in the study of
quantum field theory [36].
There are two reasons to make such a classification: one reason is that the total
momentum is conserved in lattices without on-site potential while not conserved in
lattices with on-site potential; the other reason is that the lattices without on-site
potential have acoustic like phonon branch while lattices with on-site potential have
optical like phonon branch. These two properties are so crucial in the understanding
of heat conduction of 1D lattice models that you will see them from time to time
throughout the rest of this thesis.
Dimensionless variables are very convenient during numerical calculations and
theoretical derivations. The choice of the most natural units is generally decided by
the particular model itself. Take the FPU lattice models for example, it is convenient
to set Boltzmann constant kB, lattice constant a, atom mass m and the quadratic
coupling strength k to unity. This implies that the energy is measured in units of ka2
and the temperature is measured in units of ka
2
kB
. If not specified, the dimensionless
variables will be used throughout the rest of this thesis.
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1.2.2 Temperature
In order to interpret the results of molecular-dynamics simulations in a thermody-
namic perspective, we need to define the temperature in terms of dynamical vari-
ables. From equilibrium statistical physics, the temperature of system is defined in














where 〈·〉 means canonical ensemble average. Here the Boltzmann constant has been
set as kB = 1. In computer simulations, the averages of kinetic energy are more












this is the so called time average. The equivalence between ensemble average and
time average requires that the systems under consideration are ergodic. Although
the first ever computer simulation was devoted to the verification of ergodicity in
Fermi-Pasta-Ulam (FPU) lattices with interactions between normal modes more
than 50 years ago [27], whether the system is ergodic or not with arbitrary small
interaction between normal modes in the thermodynamic limit N → ∞ is still on
debate [37–50]. In spite of this controversy, it is quite safe to ensure ergodicity
in finite length lattices with strong enough nonlinear interactions or high enough
temperatures.
When the systems are not in equilibrium states which are exactly the scenarios
for heat conduction with a temperature gradient, we need another hypothesis about
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the Local Temperature Equilibrium (LTE). This is the possibility of defining a local
temperature for a macroscopically small but microscopically large volume at each
location. In computer simulation, this LTE condition can be thought to be satis-
factory if the time averages of kinetic energy of particles change smoothly along the
lattice chain except in the two ends contacting with heat baths.
1.2.3 Heat flux
To measure the heat conductivity, we need a meaningful definition of heat flux (heat
current) [51,52] in microscopic scale. The heat flux j(x, t) can be implicitly defined







where h(x, t) is the energy density. For the general Hamiltonian of 1D lattice chains,







[V (xi−1 − xi) + V (xi − xi+1)] + U(xi) (1.11)





[(x˙i−1 − x˙i)F (xi−1 − xi) + (x˙i − x˙i+1)F (xi − xi+1)]+x˙iU ′(xi) (1.12)
where function F is defined as F (x) = −V ′(x). With the help of the equations of
motion for lattice
x¨i = −F (xi−1 − xi) + F (xi − xi+1)− U ′(xi) (1.13)
1.2. Basic Definitions 12






(x˙i + x˙i+1)F (xi − xi+1)− 1
2
(x˙i−1 + x˙i)F (xi−1 − xi) (1.14)
The continuity equation in discrete lattice can be expressed as
dhi
dt
+ (ji − ji−1) = 0 (1.15)
with the physical meaning that the energy change rate at i-th particle equals to the
net effect of heat flux in and out of this particle. By comparing these two equations,
we get the expression of heat flux in 1D lattice chains:
ji = −1
2
(x˙i + x˙i+1)F (xi − xi+1) (1.16)
It must be emphasized here that the heat flux does not depend on the on-site
potential U(xi) explicitly.
1.2.4 Heat baths
Heat Baths (Thermostats) are the thermal reservoirs attached to the two ends of
system under consideration (See Fig.1.1). They represent the environmental dissi-
pation and noise which interacts with the systems from two ends. There are two
well-known models of heat baths to simulate the mechanism of the thermal reser-
voirs: stochastic Langevin heat bath and deterministic Nose´-Hoover Heat Bath.
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Langevin heat bath
The equations of motion of systems coupled to a Langevin heat bath can be expressed
x¨i = [−F (xi−1 − xi) + F (xi − xi+1)− U ′(xi)] + [(ξ+ − λx˙i)δi1 + (ξ− − λx˙i)δiN ]
(1.17)
where the damping coefficient λ = 1/τr, τr is the characteristic relaxation time of the
particles attached to the heat bath, ξ± is the random external force corresponding
to Gaussian white noise normalized as [53]
〈ξ±(t)〉 = 〈ξ±(t1)ξ∓(t2)〉 = 0
〈ξ±(t1)ξ±(t2)〉 = 2λT±δ(t2 − t1) (1.18)
Nose´-Hoover heat bath
The Nose´-Hoover heat bath is the most popular heat bath used within the molecular-
dynamics community [54, 55]. It introduces two auxiliary variables to model the
microscopic action of the thermostat. The evolution of the two particles in contact
with the bath is ruled by the equation
x¨i = [−F (xi−1 − xi) + F (xi − xi+1)− U ′(xi)]− ζ±x˙i, i = 1, N (1.19)










where Θ is the thermostat response time. Here we have used the natural units with
m = kB = 1. And this model has been shown to reproduce the canonical equilibrium
distribution.
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1.3 Literature Review of Heat Conduction in 1D
systems
1.3.1 Breakdown of Fourier’s law
The starting point for the study of heat conduction in 1D lattice systems comes













where the mass of particle and the coupling strength have been scaled to 1 for
convenience and N is the number of particles. Periodic boundary conditions xN+1 =
x1 are used to make theoretical derivation more convenient. The coordinates of
(xi, pi) in position space can be transformed into normal modes of (qk, pk) in normal
space. The canonical transformation is not unique, so we choose the one which




















, (i, k = 1, ..., N) (1.22)
The harmonic lattice of Eq.(1.21) can be transformed to a combination of N inde-
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where the phonon spectrum is
ωk = 2 sin
pik
N
, k = 1, ..., N (1.24)









The analysis of the heat conduction in the harmonic lattice is very simple. Heat
energy is equally distributed among every normal mode. Each normal mode carries
the same amount of heat energy and transfers it from the hot end to the cold end
without any dissipation due to the non-interaction between normal modes. The
ability to conduct heat energy only depends on the number of heat channels. Here
the channel is just the normal mode. Without any further consideration, we can
expect the heat conductivity κ of harmonic lattice should be proportional to the
lattice length N
κ ∼ N (1.26)
because the total number of normal modes equals to N in a lattice chain which
contents N atoms. This behavior of Eq.(1.26) is also called ballistic heat conduction.
The ballistic heat conduction has well been known at quantum regime by the famous
Landauer formula.
This simple phenomenological consideration can yield the ballistic heat con-
duction in harmonic lattice. Actually, the heat conduction in harmonic lattice has
exact analytic solution [57]. In their treatment, a harmonic chain with fixed bound-
ary conditions is coupled with two stochastic Langevin heat baths with temperature
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T+ and T− respectively. The stochastic equations of motion can be passed to a
Fokker-Planck equation in a phase-space representation. From the stationary solu-
tion in the out-of-equilibrium case, the heat flux is found to be proportional to the
temperature difference (T+ − T−) rather than the temperature gradient T+−T−N as it
should be to satisfy the Fourier’s equation:
j ∝ (T+ − T−) (1.27)
This proves that the harmonic lattice does exhibit ballistic heat conduction as we
have expected since the effective conductivity
κ =
jN
T+ − T− ∼ N (1.28)
is linearly proportional to the lattice length N and diverges in the thermodynamic
limit N →∞. Another unique property for the harmonic lattice is the temperature
profile along the lattice chain. The temperature inside the chain equals to the
average of the two heat baths T++T−
2
, and no temperature gradient can be built up
along the chain (Fig.1.2).
The breakdown of Fourier’s heat conduction law in harmonic lattice was at-
tributed to the integrability of this model. And the vanishing temperature gradient
was viewed as the sign of lacking energy diffusion. For a 1D system to satisfy the
Fourier’s law, the introducing of nonlinearity (interaction between normal modes) is
necessary. The solution now relies on how to introduce this nonlinear interaction. In
another word, what is the sufficient condition for the Fourier’s law in a 1D system?
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Figure 1.2: Schematic temperature profile for the harmonic chain.
Disorder
The first candidate for the cause of normal heat conduction was disorder (lattice
with random masses or random coupling constants). For example, the isotropic













where the mass mi of i-th particle are chosen randomly. The system with disorder is
still a harmonic system. This kind of way to introduce nonlinear interaction based
on the following consideration: the original independent normal modes in harmonic
lattice will be scattered by the presence of disorder. In condensed matter physics,
the ideal electron gas acquires finite lifetime due to the presence of impurities. It
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was a common belief that the disorder will play the same role for ideal phonon gas
just like the defects to the electron gas. The phonons in harmonic lattice acquire
the finite lifetime by the scattering of disorder and will eventually yield normal heat
conduction through this kind of energy diffusion.
The introduction of disorder did bring some kinds of “disorder”. In the early
efforts, the heat conductivity in disordered lattice was rigorously proved and con-
firmed to be dependent on the boundary conditions: for lattice with free boundary
conditions, the heat conductivity was derived as κ ∼ N1/2; however for lattice with
fixed boundary conditions, the heat conductivity κ ∼ N−1/2 [58–65]. Thus the heat
conductivity diverges for free boundary conditions while vanishes for fixed boundary
conditions in the thermodynamic limit N → ∞. The boundary conditions affect
the scaling behavior of κ in qualitatively different ways. Most recently, the heat
conductivity in disordered lattice was showed to be dependent also on the spectral
properties of the heat baths [66]. If heat conductivity can be expressed as κ ∼ Nα,
the exponent α is determined by the properties of low-frequency normal modes of
the noise spectrum. This implies that for special choices of heat baths, one can get
the “Normal heat conduction” α = 0 where κ is size independent.
Chaos
Chaos, in the sense of positive Lyapunov exponent, was thought as another candidate
for the cause of normal heat conduction in 1D lattice models. In 1984, Casati et al.
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+ hard point core (1.30)
where ωi equals ω for even i and zero for odd i. Whether the dynamics of this
model is regular or chaotic depends only on the dimensionless parameter e/(ωa)2
where e is the energy per particle and a the lattice spacing. By performing non-
equilibrium simulations, they found that this model exhibits normal heat conduction
when the system is in chaotic regime while exhibits anomalous heat conduction when
the system is in regular regime. These results encouraged them to conclude that
chaos should be the essential ingredient of normal heat conduction. The validity
of Fourier’s heat conduction law was also found in the ding-dong model [68] and a
modified ding-a-ling model [69] where chaos plays the crucial role. However, it was
found in the famous FPU-β lattice model which has positive Lyapunov exponent
that the heat conduction is anomalous [70]. More specially, the heat conductivity
diverges with lattice length asymptotically as κ ∼ N0.4. This result rules out that the
chaos is the sufficient condition for normal heat conduction. Even more interestingly,
B. Li et al. showed the normal heat conduction can be retrieved in some 1D models
with zero Lyapunov exponents [71]. The chaos is not even a necessary condition for
normal heat conduction.
Momentum conservation
The third candidate for the cause of normal heat conduction was the broken of
momentum conservation in 1D lattice models. It was found in the numerical sim-
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ulations, the Frenkel-Kontorova model [72] and φ4 model [3, 73] have the size inde-
pendent heat conductivities and obey the Fourier’s heat conduction law. The FK
and φ4 models have one thing in common: external on-site potential. The total mo-
mentum is not conserved in these two models since the existence of external on-site
potential breaks the translational invariance of the lattice. In stead of showing the
broken of momentum conservation is the reason for normal heat conduction, it has
been rigorously proved that the momentum conservation is the reason for anomalous








+ (1− cos (xi − xi−1))
]
(1.31)
with conserved total momentum, the heat conductivity was found to be size inde-
pendent showing normal heat conduction [76–78].
1.3.2 Anomalous heat conduction
The anomalous heat conduction was found in numerical simulations for the 1D
momentum-conserving systems such as FPU-like lattice models [70, 79–84]. The
unique property of anomalous heat conduction is that the heat conductivity ex-
hibits a scaling behavior: κ ∼ Nα. The numerical values of the divergent exponent
α range between 0.35 and 0.44 for several different models. These results are ob-
tained consistently with different thermostat schemes ranging from deterministic to
stochastic ones. It was then argued that there should exist a non-trivial universal
behavior for the divergent exponent α.
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Universality of divergent exponent
Applying the Mode-Coupling Theory to the phonon gas of 1D nonlinear lattices,
Lepri et.al. [1, 85] derived the wave vector dependence of the decay rate Γk of the
normal modes as Γk ∝ k5/3 for small wave vector k. Thus the long-time behavior
for the heat-flux correlation function can be derived as
〈J(τ)J(0)〉 ∼ τ−3/5 (1.32)














This information of 〈J(τ)J(0)〉 determines the dependence of κ on N by restricting
the integral in above equation to times smaller than the typical transit time N/vs
(vs the sound velocity) as
κ ∼ N2/5 (1.34)
Thus the Mode-Coupling Theory gives the universal divergent exponent α = 2/5.
This claim is consistent with the previous numerical results on 1D nonlinear lattices
and is supported by another theoretical approach based on Peierls-Boltzmann equa-
tion of phonons [87]. In that work, Pereverzev investigated the FPU-β lattice with
quartic nonlinearity. The Peierls-Boltzmann equation of phonons is linearized by
considering the Umklapp scattering processes [2]. The derived phonon decay rate
Γk depends on wave vector as Γk ∼ k5/3 for small wave vector k. A most recent
paper using the Boltzmann equation approach also yields the α = 2/5 behavior for
FPU-β model [88].
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However, Narayan and Ramaswamy [75] used a renormalization group approach
of the hydrodynamic equations of heat transport in a liquid and argued that the
universal divergent exponent α should be 1/3 for any momentum-conserving 1D
system. This claim is supported by the numerical simulations of 1D hard particle
gases [89] and a random collision model [90, 91]. This is contrary to the previous
numerical results of FPU-like models where numerical value of α is definitely larger
than 1/3. Recently, a mode-coupling study specific to cubic anharmonicity predicts
the divergent exponent α = 1/3 [92]. And Mai and Narayan [93] claim the 1D
oscillator chains should diverge with system size N as N1/3 which is the same as for
1D fluids. They argue the discrepancy with previous numerical results of FPU-like
models comes from the finite size effect. One thing we should notice is that most
of the theories are done for FPU-α model, while simulations are done for FPU-β
model.
Another scenario has been proposed by Wang and Li [94,95] when they studied
a 1D lattice model with longitudinal as well as transverse motions. The particles
are connected by two-dimensional harmonic springs together with bending angle
interactions. The α = 2/5 power law behavior was found at low temperatures and
weak coupling while the α = 1/3 power law behavior was found when the transverse
motion couples with the longitudinal motion.
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Connection with anomalous energy diffusion
On the way to find the universal divergent exponent α of heat conduction in 1D
systems, there is another exciting research area which gives an indirect way to
measure the divergent exponent α: anomalous energy diffusion.
In one of the pioneer work, Li and Wang [96] established a connection between
anomalous heat conduction and anomalous energy diffusion in general 1D systems.
Namely, for general billiard gas models, if the mean square of the displacement of
the particle is 〈∆x2〉 = 2Dtβ(0 < β ≤ 2), then the thermal conductivity can be
expressed in terms of the system size N as κ ∼ Nα with
α = 2− 2/β (1.35)
For lattice models, since the particles do not move away from their equilibrium
positions, an alternative quantity σ2(t) =
∫
(E(x,t)−E0)(x−x0)2dx∫
(E(x,t)−E0)dx reflecting the energy
diffusion has been measured. E0 is the equilibrium energy. E(x, t) is the energy
distribution at time t after an energy pulse. And x0 is the energy pulse position at
t = 0.
The above formula successfully describes the connection between normal heat
conduction (α = 0) and normal energy diffusion (β = 1), the connection between
ballistic heat conduction (α = 1) and ballistic energy diffusion (β = 2), the connec-
tion between anomalous heat conduction (α > 0) and super-diffusion (β > 1) and
the connection between insulated heat conduction (α < 0) and sub-diffusion (β < 1)
for systems ranging from nonlinear lattices, single walled carbon nanotubes, to bil-
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liard gas channels [3, 71–73, 97–105]. Specifically, for FPU-β lattice, the numerical
simulations of anomalous energy diffusion give β = 1.25 at high temperatures [103].
Thus the above connection formula yields the divergent exponent α = 0.4 which is
consistent with the prediction of Mode-Coupling Theory.
However, there is also debating in this field. Denisov et.al. [106] established
another connection formula between anomalous heat conduction and anomalous
energy diffusion
α = β − 1, 1 < β < 2 (1.36)
This formula was later applied to a one-dimensional diatomic gas model of hard-
point particles [107] and yields α = 1/3 with good accuracy. Zhao [108] also studied
the diffusion processes in FPU-β lattice and obtained the diffusion behavior β = 1.4
at low temperature. From formula of Eq.(1.36), the divergent exponent of anomalous
heat conduction α = 0.4 which is consistent with the prediction of Mode-Coupling
Theory. This is in direct contrast to the results of Ref. [103]. The explanation
might be that the α of FPU-β lattice is very sensitive to temperature in finite size
simulations.
On summary of the above literature review, we can find there are too many
debates and confusions on the way to explore the heat transport in 1D dynamical
systems. The reason is that we lack an effective microscopic model to simulate the
mechanism of heat conduction. This effective microscopic model, which is the so
called heat conduction theory, should tell us what the energy carriers are and how
they exchange heat energy between each other.
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1.4 Purpose and Scope
The purpose of this thesis is to develop a new theory (Effective Phonon Theory) of
heat conduction which can reveal the size dependence and temperature dependence
of heat conductivity of 1D nonlinear lattices. In this theory, phonon gas scatterings
in lattices are attributed to the transport processes of heat conduction. The trans-
port coefficient (heat conductivity) will be the sum of contribution from phonons
covering the whole frequencies of the phonon spectrum. The size dependence of heat
conductivity in 1D nonlinear lattice will be deduced by analyzing the properties of
effective phonon spectrum of lattice models. Based on this, the Effective Phonon
Theory is able to predict the kind of conditions under which the lattice will show
normal or anomalous heat conduction in classical 1D nonlinear lattice. And the tem-
perature dependence of heat conductivity for classical 1D anharmonic lattice will be
linked implicitly to the dynamical properties of lattices by this new theory. Under
some asymptotic limit, the relationship between temperature and heat conductivity
can be expressed explicitly.
The Effective Phonon Theory of heat conduction with the capability of predict-
ing size and temperature dependence of 1D lattice models may shed some light on
the choice of materials of low-dimensional systems such as nanotubes and nanowires
in which the consideration of properties of heat conduction is the priority. The ex-
tension of this theory from 1D to 3D lattices could resolve the long standing puzzle
that the Fourier’s Law always holds in 3D lattices while it is sometimes broken down
in 1D lattices.
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The present study examines only the classical homogeneous 1D nonlinear lattice
models which can be expressed by a general Hamiltonian which consists of only
interparticle potential and substrate on-site potential. The reason for this choice
is that these classical lattice models can be unified into one compact category by
dynamical properties and the theory can be extended to 3D cases without difficulty
in principle.
The rest of this thesis will be organized as follows. In Chapter II we establish
the Effective Phonon Theory of heat conduction in classical 1D nonlinear lattices
and apply it to the explanation of the size dependence of thermal conductivity.
In Chapter III, we discuss the temperature dependence of thermal conductivity
systematically for lattices with and without on-site potential. In Chapter IV, we
apply the Effective Phonon Theory to explain the parameter dependences of thermal
conductivity of the strongly pinned 1D φ4 lattice model. In Chapter V we give the
conclusions.
In the next chapter, we will first discuss this Effective Phonon Theory of heat
conduction in classical 1D nonlinear lattices. The concept of effective phonons in
nonlinear lattices will be established and the reason why these effective phonons can
be treated like phonons will be verified numerically.
Chapter 2
Effective Phonon Theory of Heat
Conduction
Phonons are believed to be the heat energy carriers for a long history although
there are some other excitions which have been found in lattice vibrations, e.g.
breathers, solitons. On analogy with heat conductivity for ideal gas, Debye proposed
a formula of heat conductivity by assuming the phonons as the fundamental energy
carriers. The phonons acquire finite life time through the scattering from nonlinear
interactions. The celebrated Peierls-Boltzmann equation is one approach for the
Debye formula by calculating the phonon relaxation time through phonon transport
equations. However, the application of Peierls-Boltzmann equation to lattice model
is very complicated and there isn’t a comprehensive view for the heat conduction
problem in lattice models by this approach. In the following part of this chapter,
a different approach to the Debye formula has been applied. The effective phonon
theory will be developed based on the effective phonons observed in general 1D
27
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nonlinear lattices.
2.1 Concept of Effective Phonons
Effective phonons, sometimes being called renormalized phonons, anharmonic phonons,
are the fundamental collective motions in nonlinear lattices. In last chapter it has
been mentioned that the Hamiltonian of harmonic lattice can be decomposed into
independent normal modes which is the so called phonons. Each phonon mode os-
cillates periodically with specific period determined by the linear dispersion relation
ωk = 2 sin k/2. With the introducing of nonlinearity, the lattice Hamiltonian cannot
be diagonalized anymore and the phonon modes are coupled together by this non-
linear interaction. What will happen to these phonon modes in nonlinear lattices?
One may wonder the phonon modes will be totally destroyed with the increase of
nonlinear coupling strength.
On the contrary, Alabiso et.al. [109–111] observed the phonon modes in FPU-β
lattice oscillate quasi-periodically with the renormalized frequencies, ωˆk =
√
αωk
where the prefactor α is a constant independent of mode k. This dispersion relation
sticks with the increase of nonlinear coupling strength. Most surprisingly, even for
the pure quartic FPU-β lattice which is the strong nonlinear interaction limit for
FPU-β lattice, the above dispersion relation still holds very robustly. This finding
implies the interaction between the renormalized phonon modes is extremely weak
even if the nonlinear interaction is extremely strong. Thus the renormalized phonon
2.1. Concept of Effective Phonons 29
modes, which we call effective phonons, can be treated as quasiparticles no matter
how large the nonlinear interaction is. The existence of these effective phonons in
FPU-β lattice was also found by another group independently [112].
As quasiparticles, these effective phonons provide a good candidate for the en-
ergy carriers during the heat transport processes in 1D lattice systems. For this
reason, we would like to know whether the existence of effective phonons is general
in 1D nonlinear lattices. In the next section, we will give our own derivation for the
renormalized phonon spectrum and numerically verify them for general 1D nonlinear
lattices.
2.1.1 Renormalized phonon spectrum in general 1D nonlin-
ear lattices
In this part, a new and total derivation of the renormalized phonon spectrum for
general 1D nonlinear lattices will be given. And necessary numerical simulations
will be performed to verify the general existence of renormalized phonons.







p2i + V (xi − xi−1) + U(xi)
]
(2.1)
with periodic boundary condition x1 ≡ xN+1. The interparticle potential V (xi −
xi−1) has the general form
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, (i, k = 1, ..., N) (2.5)
The phonon spectrum before renormalization has the familiar form
ωk = 2 sin
kpi
N
, k = 1, ..., N (2.6)
It should be noticed that the equal energy sharing is guaranteed by the Gen-
eralized Equipartition Theorem no matter the potential is quadratic or not. Under
ergodic hypothesis, the generalized equipartition theorem states that the energy is

















is the well known results of energy equipartition.
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is the force in k space and contains two






































































































































where the property of transformation matrix
∑N
i=1(xi − xi−1)(Sik − Si−1,k) = ω2kqk
has been used.
The approximation in above derivation is a mean-field approximation which
comes from the natural hypothesis that q2k and
∑
(xi − xi−1)s are weakly correlated
at large N .
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Comparing the above equation with Eq.(2.8) of 1D harmonic lattice, an expres-
sion of renormalized phonon spectrum has been derived for general 1D lattices with
and without on-site potential. The renormalized phonon spectrum of 1D lattices
has a compact and generic form
ωˆk =
√
α(ω2k + γ) (2.11)



























Given any Hamiltonian of a 1D lattice, the renormalized phonon spectrum can be
easily derived from Eq.(2.12) and Eq.(2.11) immediately.
Take the 1D harmonic lattice for an example. The Hamiltonian can be expressed
equivalently by the set of parameters (gs; σs). For the harmonic lattice mentioned
above, the parameters are
g2 = 1, gs = 0 for s > 2
σs = 0 for s ≥ 2 (2.13)
Substituting these parameters into Eq.(2.12), the system coefficients α and γ for
harmonic lattice are obtained
α = 1, γ = 0 (2.14)
Substituting these coefficients into Eq.(2.11), the linear phonon spectrum of har-
monic lattice has been recovered
ωˆk = ωk (2.15)
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Numerical verifications of the existence of renormalized phonons in general 1D
nonlinear lattices are necessary. More specifically, the Eq.(2.10) should be checked by
numerical simulations. The verifications are based on Molecular Dynamics calcula-
tions for equilibrium states. The temperatures on two heat baths are set to the same
value from the beginning. After the system approaches equilibrium states, appropri-
ate dynamical variables for calculating the system coefficients α and γ are recorded.
At every step of simulation, the dynamical variables xi(t), pi(t) in position space
are transformed into variables qk(t), pk(t) in mode space through canonical trans-
formation B. In numerical simulations, the Boltzmann constant kB has been set to
unit and the dimensionless variables have been used. The behavior of T
ωˆ2k〈q2k〉 = 1
without dependence to mode k would imply the confirmation of Eq.(2.10). These
numerical simulations have been performed to FPU-β lattice, H4 lattice without
on-site potential and φ4 lattice, Quartic φ4 lattice with nonlinear on-site potential.
FPU-β lattice. The lattice with Hamiltonian (g2 = g4 = 1) is considered. The
coefficients α and γ for FPU-β lattice can be derived from Eq.(2.12)







γ = 0 (2.16)
The renormalized phonon spectrum thus can be expressed as ωˆk =
√
αωk. The
parameter settings for Molecular Dynamics simulations are (N = 64, T = 1.25).
Temperature is defined by the kinetic energy in position space as T ≡ 〈p2i 〉. The
simulated results confirm that the temperature is also the kinetic energy in mode
space as T = 〈p2k〉. Fig.2.1 plots the T/ωˆ2k 〈q2k〉 as a function of mode k. The resulted





for FPU-β lattice. Lattice length N = 64 and temperature
T = 1.25.
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straight line with unit value confirms the relation of Eq.(2.10) with a good accuracy.
Further checks with longer lattice length and other temperature settings are also
performed. These results are also consistent with the previous results obtained by
three other groups [85, 109, 112].
H4 lattice. This model is also called pure quartic FPU-β lattice and was first
studied by Alabiso et.al. in a series of papers [109–111]. H4 lattice is actually the
high temperature limit of FPU-β lattice and is totally nonlinear. The dimensionless
one with Hamiltonian (g4 = 1) is considered. The coefficients α and γ is similar to








γ = 0 (2.17)
The same parameter settings (N = 64, T = 1.25) have been chosen for calculations.
Fig.2.2 plots the T/ωˆ2k 〈q2k〉 as a function of mode k. The relation of Eq.(2.10) still
holds even if the system considered now only has pure quartic nonlinear interactions.
This result is also consistent with the results of Ref. [111].
φ4 lattice. The lattice with Hamiltonian (g2 = σ4 = 1) is considered. The













The renormalized phonon spectrum now has the form ωˆk =
√
ω2k + γ. Since coeffi-
cient γ is no longer zero, the renormalized phonon band in φ4 lattice is an optical-like





for H4 lattice. Lattice length N = 64 and temperature
T = 1.25.





for φ4 lattice. Lattice length N = 64 and temperature
T = 1.25.
phonon band with gap ∆ =
√
γ. Fig.2.3 is the plot of T/ωˆ2k 〈q2k〉 as a function of
mode k for φ4 lattice with parameter settings (N = 64, T = 1.25). Although the
renormalized phonon spectrum of φ4 lattice is qualitatively different from that of
FPU-like lattices, the dispersion relation of Eq.(2.10) still holds.
Quartic φ4 lattice. The lattice with Hamiltonian (g4 = σ4 = 1) is considered.
This model is the total nonlinear counterpart for φ4 lattice. The coefficients α and




























The renormalized phonon spectrum ωˆk =
√
α(ω2k + γ) is also an optical-like phonon
band. The T/ωˆ2k 〈q2k〉 as a function of mode k is plotted in Fig.2.4 with the same
parameter settings (N = 64, T = 1.25). The property of total nonlinear interaction
for Quartic φ4 lattice has no impact for the credibility of Eq.(2.10).
Thus we have verified numerically that the renormalized phonon spectrum is a
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common property for general 1D nonlinear lattices with and without on-site poten-
tial.
The renormalized phonon spectrum for general 1D nonlinear lattices tells us
two important things. First, the Eq.(2.10) is derived for any value of temperature.
For fixed parameter settings, the larger temperature usually represents stronger
nonlinear interaction, e.g. FPU-β lattice. The Eq.(2.10) holds for arbitrarily strong
nonlinear interaction implies the interaction between renormalized phonon modes is
extremely weak even if the nonlinear interaction is extremely strong. This is a crucial
property that would enable us to treat the renormalized phonons as quasiparticles.
Second, based on the Eq.(2.11) and Eq.(2.12), the general 1D nonlinear lattices
can be classified into two categories. For lattices without on-site potential, the
system coefficient γ always equals to zero. The renormalized phonon spectrum is an
acoustic-like phonon band. For lattices with on-site potential, the system coefficient
γ doesn’t vanish due to the existence of on-site potential. The renormalized phonon
spectrum thus is an optical-like phonon band with energy gap ∆ = αγ.
The renormalized phonon spectrum is a natural result from generalized equipar-
tition theorem. In the following part, we would like to know how they oscillate and
travel through the lattice.
2.1.2 Quasi-Periodical oscillation of effective phonons
Periodical oscillation is one of most fundamental properties for excitations such as
phonons. In harmonic lattice, every phonon mode oscillates periodically with period
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2pi/ωk without interactions. The introducing of nonlinear interaction causes coupling
between phonon modes. The original periodical oscillation for each phonon mode
has obviously been destroyed. Noticing the nonlinear interactions can be rescaled
into the linear interactions, it has been found the original linear phonons can be
renormalized into effective phonons appropriately.
In this part, it will be demonstrated numerically that these renormalized phonons
possess the similar property just like linear phonons. They are found to oscillate
quasi-periodically with periods different from the original ones before renormaliza-
tion. Most amazingly, these effective periods correspond to the periods determined
by the renormalized phonons, 2pi/ωˆk.
To make the above claim more convincing, two extreme lattice models without
linear interactions are chosen to demonstrate this property, i.e. H4 lattice and
Quartic φ4 lattice. Both of them have only pure quartic interparticle potential or on-
site potential. There is no crossover from linear interaction to nonlinear interaction
for these models. They are totally nonlinear at any temperatures and thus there are
no original linear oscillations which can be attributed to them from the beginning.
In Fig.2.5, the time evolution of qk(t) of two modes (k = 2 and k = 17) is plotted
for H4 lattice with parameter N = 64 and T = 1. These data are recorded after
the system has approached equilibrium states. The coefficient α here is calculated
numerically at this temperature. Thus the effective period of every renormalized
phonon mode can be calculated from expression τk = 2pi/ωˆk. The resulted value is
τk=17 = 3.625 for mode k = 17 and τk=2 = 52.63 for mode k = 2. Time evolution of
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qk=17(t) and qk=2(t) is recorded for 8 effective periods of their own. From Fig.2.5 it
is very clear that although τk=17 and τk=2 have different values for over an order of
magnitude, qk=17(t) and qk=2(t) just oscillate quasi-periodically with these effective
period derived from the renormalized phonon spectrum.
In Fig.2.6, the time evolution of qk(t) of two modes (k = 2 and k = 17) is
plotted for Quartic φ4 lattice with N = 64 and T = 1. The calculated values for
these two effective periods are τk=17 = 3.422 for mode k = 17 and τk=2 = 6.180 for
mode k = 2. 8 effective periods of time evolution of qk=17(t) and qk=2(t) has been
recorded. In this case, although the effective periods τk=17 and τk=2 are comparable
to each other due to the fact of optical-like phonon band, qk=17(t) and qk=2(t) still
oscillate quasi-periodically with these effective periods derived from the renormalized
phonon spectrum.
Thus it has been proved numerically that the renormalized phonons in general
1D nonlinear lattices oscillate quasi-periodically, and they oscillate with the effec-
tive periods predicted by the renormalized phonon spectrum. The renormalized
phonons can be viewed as the collective motions for general nonlinear lattices. The
feature of the quasi-periodical oscillations can also be viewed as the signature of en-
ergy exchange between renormalized phonons. It would be important to determine
the velocity with which these energy carrying effective phonons travel through the
lattice.
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Figure 2.5: Time behaviors of qk(t) for H4 lattice. Lattice length N = 64 and
temperature T = 1. The upper panel is the time evolution of qk=17(t) for mode
k = 17. The time unit is the effective period for this renormalized mode, τk=17 =
2pi/ωˆk=17 = 3.625. The lower panel is the time evolution of qk=2(t) for mode k = 2.
The time unit is the effective period for this renormalized mode, τk=2 = 2pi/ωˆk=2 =
52.63.
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Figure 2.6: Time behaviors of qk(t) for Quartic φ
4 lattice. Lattice length N = 64
and temperature T = 1. The upper panel is the time evolution of qk=17(t) for
mode k = 17. The time unit is the effective period for this renormalized mode,
τk=17 = 2pi/ωˆk=17 = 3.422. The lower panel is the time evolution of qk=2(t) for
mode k = 2. The time unit is the effective period for this renormalized mode,
τk=2 = 2pi/ωˆk=2 = 6.180.
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2.1.3 Sound velocity of effective phonons
Energy carriers travel through the lattice with the speed of group velocity. In
harmonic lattice, the group velocity of phonons can be expressed in dimensionless
units as vq = ∂ωq/∂q = cos q/2, 0 < q ≤ 2pi in continuous limit. Sound velocity
defined as the group velocity for the long-wavelength limit acoustic phonons, vs =
vq→0 = 1 is one of the most important property for phonons since it can be measured
in real experiments. For bulk material, the discrete system can be considered by its
continuous limit. Only the long-wavelength limit phonons are responsible for energy
transfer. The measurable energy flow speed is just the sound velocity for realistic
materials.
For nonlinear lattices, the effective phonons can only be treated as the energy
carriers if they travel through the lattice with the group velocity of the renormalized
phonons, vq = ∂ωˆq/∂q. Using the same argument for bulk material, it is commonly
believed in momentum conserving systems such as FPU-β lattice that the exchange
of heat energy is mostly caused by the long-wavelength limit acoustic phonons with
wave vector q → 0. For this reason, the speed of the energy flow is equivalent to the
sound velocity of the long-wavelength limit acoustic phonons. And the measurement
of the speed of energy flow is applicable in Molecular Dynamical calculations for
nonlinear lattices.
In Fig.2.7 (Fig.2 of Ref. [6]), the speed of energy flow (circles and diamonds)
has been calculated for FPU-β lattice for a large range of system temperatures,
10−3 < T < 103. The circles are the numerical results for lattice with N = 16
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and the diamonds are the results for lattice with N = 162. At low temperature
range, i.e. T < 0.1, the calculated speed of energy flow is consistent with the sound
velocity for dimensionless harmonic lattice, vs = 1. When temperature is increased
further, the speed of energy flow deviates from unit and eventually diverges with a
scaling dependence of T 1/4. It is also found that the speed has a slight size effect.
In particular, the speed in longer lattice with N = 162 is a little bit larger than
the speed in lattice with N = 16 for all the temperatures investigated ranging from
10−3 to 103.
This numerically calculated speed of energy flow can be compared with the
analytically derived sound velocity of the renormalized phonons in FPU-β lattice.
Since the numerical simulations are always performed on discrete lattice model with
finite lattice length, the sound velocity for finite lattice is the renormalized group







where the expression of α is Eq.(2.16). For FPU-β lattice, the system coefficient α
has a simple analytic form








The coefficient α as a function of temperature T can be solved exactly from the
above analytic formula.
Substituting the analytically resolved α into the expression in Eq.(2.20), the
sound velocity for finite FPU-β lattice with length N can be obtained as a function
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of temperature. In Fig.2.7 the analytic sound velocity vs is plotted as a function
of T for two lattice length. The upper line is the analytical results for N = 162
and the lower line is the results for N = 16. From Fig.2.7 it can be seen that
the analytic results of Eq.(2.20) and Eq.(2.21) are in perfect agreement with the
numerical results for all the temperatures under investigation, 10−3 < T < 103.
According to Eq.(2.20), the slight size effect of sound velocity is a natural result for
finite lattice and the numerical results match with the analytic prediction very well.
The numerically found high temperature behavior vs ∼ T 1/4 is also well ex-
plained by the analytic expression in high temperature limit. Comparing with the
quartic potential, the quadratic potential part for FPU-β lattice can be neglected












T 1/2, T →∞ (2.22)
this is just the scaling behavior of vs ≈ √α ∼ T 1/4 observed in numerical simulations
at high temperature regime.
Thus it has been proved that the sound velocity of nonlinear lattice is just the
group velocity of the renormalized phonons with the longest wavelength. The ana-
lytically derived sound velocity of FPU-β lattice for effective phonons is consistent
with the previous numerical results at a good accuracy. Slight size effect and scaled
high temperature behavior of sound velocity are exactly predicted by the analytic
expression.
The numerical calculations of energy transfer speed cannot be applied to lattices
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Figure 2.7: Sound velocity of effective phonons vs as a function of temperature T
for FPU-β lattice. The numerical results come from Fig.2 of Ref. [6]. Diamonds
are the values for lattice with length N = 162, circles are the values for lattice with
length N = 16. The upper line is the analytical curve of Eq.(2.20) for N = 162, the
lower line is for N = 16. At high temperatures, the curve scales as T 1/4.
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with on-site potential such as FK and φ4 model. The reason is clear by viewing the
effective phonon spectrum ωˆq =
√
4 sin2 q/2 + γ, 0 < q ≤ 2pi. The phonons with
q → 0 has vanishing group velocity.
So far for general 1D nonlinear lattices, it has been demonstrated numerically
and analytically that the renormalized phonons (effective phonons) share the en-
ergy equally among every renormalized phonon mode, oscillate quasi-periodically
with the renormalized periods and travel through the lattice with the renormalized
group velocities determined by the renormalized phonon spectrum. All these prop-
erties strongly suggest that the renormalized phonons, as quasiparticles, are a good
candidate for the energy carriers in the transport processes of heat conduction in
1D nonlinear lattices. It is time to develop a new heat conduction theory based on
these effective phonons: Effective phonon theory.
2.2 Formula of Heat Conductivity
The starting point for the Effective Phonon Theory is the Debye formula of heat







where ck,vk and τk are specific heat, phonon velocity and phonon relaxation time of
mode k respectively. The vibrational modes, phonons, are considered as the energy
carriers. The phonons acquire finite lifetime which is the relaxation time through
the nonlinear interaction. However, there isn’t an explicit expression for the phonon
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relaxation time τk in Debye formula. This phenomenological formula in 3D case is
usually used to estimate the phonon relaxation time and the phonon mean-free-path
since the heat conductivity κ of bulk material can be easily measured.
One approach to Debye formula is the celebrated Peierls-Boltzmann phonon
equation. By linearization of the scattering caused by the nonlinear interaction, the
phonon relaxation time τk can be determined by the phonon transportation equation.
Obviously, this linearization can only be realized for small nonlinear perturbation.
In numerical simulations, this usually corresponds to low temperature regime, e.g.
FPU-like lattices. This limitation prevents us from interpreting the heat conduction
behavior at high temperature regime where nonlinear effect is dominant. To get a
comprehensive view of the heat conduction in 1D nonlinear lattices, a theory beyond
small perturbation is necessary.
In the effective phonon theory, another approach based on the mean-field con-
sideration is chosen. The nonlinear interaction is renormalized into the phonon
spectrum leaving unknown weak interactions within renormalized modes. The re-
sulted effective phonons are treated as the energy carriers during the transport
precess. Thus in Debye formula, vk is re-interpreted as the group velocity of effec-
tive phonons and τk is re-interpreted as the effective phonon relaxation time. The
effective phonon relaxation time cannot be analytically derived due to the unknown
weak interactions within renormalized modes. We approximate the effective phonon
relaxation time in analogy to the uncertainty principle ∆t·∆E ∼ h¯. Here we assume
the uncertainty of renormalized mode energy is linearly proportional to the renor-
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malized phonon frequency, ∆t ∝ 1/∆ωˆk ∝ 1/ωˆk. Therefore, the effective phonon
relaxation time τk can be assumed as τk = λ2pi/ωˆk with λ a constant independent of
mode k. In the original Debye formula there also contains a random phase approx-
imation. The phonon mean-free-path has been presumed to be much smaller than
the lattice size. However, in one dimension the long-wavelength phonons may have
the mean-free-path comparable to the lattice size no matter how long the lattice is.
There might be some correlations between these long-wavelength phonons. For this
reason, we introduce a weighted factor P (k) for every effective phonon mode which
must satisfy the normalized condition. The definition of P (k) will be discussed later.
We will see we can explain a lot even without knowing any detail of the weighted
factor P (k).






kτk, k = 1, ..., N (2.24)
It will be convenient to consider the lattice in continuous limit. The mode index
k is now replaced by the wave vector k with the relationship, 2kpi/N → k. Thus









k ck is the specific heat, vk = ∂ωˆk/∂k is the group velocity of effective
phonons, lk = vkτk = vkλ2pi/ωˆk is the mean-free-path of effective phonons. And





P (k)dk = 1 (2.26)
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Eq.(2.25) is the main result of this thesis. In the following part, this formula will
be applied to explain why lattices with on-site potential have normal heat conduction
while lattices without on-site potential have anomalous heat conduction.
2.2.1 Lattices with on-site potential
For lattices with on-site potential such as FK lattice and φ4 lattice, previous numeri-
cal results [3,72,73] have found they exhibit normal heat conduction. They obey the
Fourier’s heat conduction law with size-independent heat conductivities. The nor-
mal heat conduction was attributed to the so-called phonon-lattice interaction [72].
However, a clear microscopic explanation is still lacking.
From the analysis of effective phonons in lattices with on-site potential, it is
found the system coefficient γ > 0 in this category of lattices. This unique property
of effective phonons yields an optical-like effective phonon band, ωˆk =
√
α(ω2k + γ)
with energy gap ∆ =
√
αγ in lattices with on-site potential. This energy gap is a
size- and mode-independent coefficient. Thus, no matter how small it is, it has huge
impact on the heat transport processes leading to the normal heat conduction.
The analysis is focused on the mean-free-path of effective phonons in this cat-
egory of lattices. Due to the existence of energy gap, the effective phonon velocity




ω2k + γ. Therefore the effective
phonon relaxation time has been changed to τk = λ2pi/
√
α(ω2k + γ) appropriately.
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The expression of mean-free-path of effective phonons can be obtained





It can be seen that the mean-free-path lk in this category of lattices would not
diverge in any kind of cases due to the fact γ > 0. Thus the effective phonons
in lattices with on-site potential possess finite mean-free-path due to the coupling













By noticing that sin2 k
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where the normalized condition
∫ 2pi
0
P (k)dk = 2pi has been used. The items on
the right hand side of last equation are all constants independent of length N and
mode k. Therefore, it has been derived from effective phonon theory that the heat
conductivity in lattices with on-site potential is a size-independent constant with
finite value.
The microscopic mechanism for normal heat conduction in lattices with on-site
potential is very clear from the effective phonon theory: all the effective phonon
modes carry heat energy with finite mean-free-path due to the nonlinear on-site
scatterings.
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2.2.2 Lattices without on-site potential
The lattices without on-site potential are momentum-conserving systems. Previous
numerical results [70] have shown that this category of lattices exhibits anomalous
heat conduction with divergent heat conductivity in thermodynamic limit, κ ∼ N0.4.
Although it has been proved that this divergence is due to the special property of
longtime tail of auto-correlation function of total heat flux in one dimension, the
mechanism which leads to anomalous heat conduction in the language of energy
carriers is still lacking.
As it has been mentioned in last section, the lattices without on-site potential




α sin k/2. To understand
the microscopic mechanism leading to the anomalous heat conduction, it will be
very useful to analyze the mean-free-path of effective phonons in this category of
lattices. According to the effective phonon theory, the mean-free-path of effective
phonons is the product of velocity and relaxation time of effective phonons
















It should be focused on the effective phonon modes with long-wavelength limit k → 0
since they are the main contributors for the heat energy transport in lattices without
on-site potential. At this limit, cos k/2 ≈ 1 and sin k/2 ≈ k/2. The mean-free-path







From the above equation, it can be seen that the mean-free-path of effective phonons
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in lattices without on-site potential diverges in the long-wavelength limit k → 0. In
discrete lattices with length N , the first non-zero mode k = 2pi/N . So in the
thermodynamic limit N → ∞, the mean-free-path of the long-wavelength limit
effective phonons diverges as lk ∝ N . This divergent behavior of lk means with the
increase of lattice length, the mean-free-path of effective phonons increase with the
same scale correspondingly. In one dimension, the long-wavelength limit effective
phonons always possess the mean-free-path comparable to the lattice length no
matter how large the N is. From the point of view of effective phonon theory, this
divergent mean-free-path of effective phonons is the major microscopic cause that
leads to the anomalous heat conduction in this category of lattices in one dimension.
In last section, we know that lattices with on-site potential exhibit normal
heat conduction even without knowing any detail of the form of P (k). Here from
Eq.(2.25), the explicit P (k) should be determined before knowing the explicit size-
dependent heat conductivity. The total heat flux J(t) =
∑
i ji contains the transport
information from every phonon mode. Thus we propose that the weighted factor
P (k) should be the normalized power spectrum of total heat flux J(t). The analyt-
ical form of P (k) is lacking right now. However, the power spectrum P (k) of total
heat flux can be numerically calculated from molecular dynamical simulations. The
calculated power spectrum P (k) for FPU-β lattice has been reported in Ref. [80]
with P (k) ∼ k−0.37 in the long-wavelength limit k → 0. This result also confirms
the common belief that long-wavelength phonons are the major contributors for the
heat energy transportation in momentum-conserving lattices such as FPU-β lattice.
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Substituting the asymptotic form of P (k) and lk into the formula of heat con-
ductivity of Eq.(2.25), the heat conductivity in FPU-β lattice can be obtained from






dk ∝ k−0.37 ∝ N0.37 (2.32)
at last step k ∼ 1/N has been used for finite lattice with length N . The resulted
divergent heat conductivity κ ∝ N0.37 is just what has been observed in previous
numerical studies. This consistency verifies the effective phonon theory in the appli-
cation to lattices without on-site potential. This result is close to the claim κ ∝ N0.4
by Mode-Coupling Theory.
This result is not new in the sense that the power spectrum P (k) of total heat
flux happens to be the Fourier transform of the auto-correlation function of the
total heat flux J(t). From Green-Kubo formula, we know the heat conductivity κ
once we know the auto-correlation function of the total heat flux J(t). However, the
Green-Kubo formula only tells us the heat conductivity diverges as κ ∝ N0.37. The
effective phonon theory also tells us that the heat energy flow is transferred mainly
by the long-wavelength (k → 0) effective phonons (P (k) ∼ k−0.37) with divergent
mean-free-path (lk ∼ 1/k).
2.3 Summary
On summary of this Chapter, it has been demonstrated that the effective phonons
can be treated as the energy carriers during the transport processes. A generic form
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of renormalized phonon spectrum has been derived for general 1D nonlinear lattices.
Numerical simulations have confirmed the broad existence of effective phonons in
both lattices without on-site potential and lattices with on-site potential. Existence
of these effective phonons has also been verified in lattices with strong nonlinear
interactions. It is found the effective phonons oscillate quasi-periodically in the
equilibrium states, and the effective periods are just the periods defined for the
renormalized phonons. In lattices without on-site potential, the group velocity of
effective phonons derived from renormalized phonon spectrum has been found in
perfect agreement with the energy flow speed obtained numerically.
On the assumption that effective phonons are the energy carriers causing heat
conduction in 1D nonlinear lattices, a new theory which we call Effective Phonon
Theory has been derived based on the Debye formula. Unlike Peierls-Boltzmann
equation, the effective phonon theory is a new approach to Debye formula beyond
small nonlinear perturbation. The formula of heat conductivity based on effective
phonon theory has been applied to explain the anomalous and normal heat con-
duction in lattices without on-site potential and lattices with on-site potential very
well. The microscopic mechanism for heat conduction in 1D nonlinear lattices has
been clarified. In lattices with on-site potential, the effective phonons with optical-
like phonon band have finite mean-free-path which eventually yields normal heat
conduction in the thermodynamic limit. In lattices without on-site potential, the
effective phonons with acoustic-like phonon band have infinite mean-free-path which
yields anomalous heat conduction in the thermodynamic limit.
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In another word, the size-dependent thermal conductivities of 1D nonlinear lat-
tices has been successfully explained by the effective phonon theory. In the next
chapter, the effective phonon theory will be applied to explain the temperature-




In contrast to size-dependent thermal conductivities, the temperature-dependent
thermal conductivities of 1D nonlinear lattices didn’t attract enough attention. Ac-
tually, the investigation of temperature behavior of heat conductivity has its experi-
mental importance. In practice, the heat conductivity κ as a function of temperature
T is a crucial thermal property of materials in the applications of thermal devices.
Most importantly, the temperature behavior of heat conductivity is also the easi-
est measurable thermal property for materials in nanoscale where the 1D nonlinear
lattice models have their representatives.
The main reason why temperature behavior of heat conductivities of 1D non-
linear lattices were seldom studied is because the previous theoretical studies were
restricted only in small perturbation regime. At this regime, the phonon collision
58
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theory [113] predicts there is an universal temperature behavior for heat conduc-
tivities, κ ∼ 1/T . In the strong nonlinear interaction regime, the scenario viewing
nonlinear lattices as harmonic lattice with small nonlinear perturbations is no longer
valid. The numerically observed temperature behavior of heat conductivity in this
regime deviates dramatically from the above prediction. For example, the FPU-β
lattice exhibits a very scaled κ ∼ T 1/4 temperature dependence at high temperature
regime. To explain this nontrivial behavior, solitons [6] were proposed responsible
for the heat conduction within the FPU-β lattices when nonlinear interaction is
strong. So far, there isn’t a consistent theory which can interpret the temperature-
dependent heat conductivities at low and high temperature regimes for one single
lattice model.
Encouraged by the success in explaining the size-dependent heat conductivities,
effective phonon theory is considered here to explain the temperature-dependent
heat conductivities for general 1D nonlinear lattices. Before get into the analysis by
effective phonon theory, it will first be demonstrated numerically that the phonon
collision theory is not correct even in the small perturbation regime.
3.1 Failure of Phonon Collision Theory
According to the phonon collision theory, the collision frequency of a given phonon
should be proportional to the number of phonons with which it can collide. In
thermal equilibrium, the phonon numbers with frequency ω are given by the Planck







At classical regime where kBT  h¯ω, this distribution function can be approximated
as 〈n〉 ≈ kBT/h¯ω. Since the phonon distribution function is proportional to T in
the classical regime, the total number of excited phonons is also proportional to
temperature T . Hence the mean-free-path of phonons are l ∼ 1/T .
From the Debye formula, one gets the expression of heat conductivity, κ ∼ 1
3
cvl.
By considering the specific heat c and sound velocity v are constants in the classical
regime, the heat conductivity is just proportional to phonon mean-free-path, κ ∼ l.
Therefore, according to the phonon collision theory, the heat conductivity κ ∼ 1/T
is universal at classical regime where the system Hamiltonian can be considered as
a harmonic lattice with small nonlinear perturbation.
However, this prediction is not consistent with the numerical calculations for
1D FK lattice. The classical FK lattice with periodic on-site potential has unique
properties. For both low temperature and high temperature regimes, the FK lattice
can be considered as a harmonic lattice with small nonlinear perturbations. The
analysis by phonon collision theory is suitable for FK lattice at both temperature
regimes. From Fig.3.1 it can be seen, the temperature behavior of heat conductivity
at low temperature regime is κ ∼ T−1.9. This temperature behavior can be still
viewed qualitatively consistent with the prediction by phonon collision theory in the
sense that they both decrease with temperature. At high temperature regime, the
numerical calculations show the heat conductivity exhibits temperature dependence
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Figure 3.1: Heat conductivity κ vs temperature, T, for the FK model with lattice
length N = 500. The best fit line is κ ∝ T−1.9±0.1 at the low temperature regime
and is κ ∝ T 1.30±0.03 at the high temperature regime. The dotted line in the middle
is the turning point estimated from the Hamiltonian, T0 = 2K/(2pi)
2, which is 1/pi,
in the case of K = 2pi in this paper.
κ ∼ T 1.30 which is qualitatively different from the prediction by phonon collision
theory, κ ∼ 1/T .
The striking contradiction between numerical calculation and theoretical predic-
tion suggests that the phonon collision theory is not suitable to describe the classical
heat transport.
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3.2 Nonlinearity and Heat Conductivity
The failure of phonon collision theory is that the mean-free-path of phonons is as-
sumed inversely proportional to the total number of phonons which yields a universal
behavior l ∼ 1/T at classical regime. This means the total number of phonons is
irrelevant to the mean-free-path of phonons. However, there is something that is cor-
related with the mean-free-path of phonons if a dimensionless nonlinearity strength
 is introduced.
The new variable  is defined as the ratio between the average of nonlinear
potential energy and the average of total potential energy:
 =
|〈En〉|
〈El + En〉 , 0 ≤  ≤ 1 (3.2)
where En and El are the nonlinear and linear potential energy including both inter-
particle and on-site potential, 〈·〉 is an ensemble average.
For lattice which can be considered as a harmonic lattice with small nonlinear
perturbation, the dimensionless nonlinearity strength  can be approximated as  ≈
|〈En〉|
〈El〉 . The nonlinear potential energy term in the denominator on the right hand side
has been ignored. The ensemble average of linear potential energy 〈El〉 has a simple
expression at this limit due to the theory of equipartition theorem, 〈El〉 = NkBT/2.
Taking the FK lattice as an example, the nonlinear potential energy En is a small
quantity at both low and high temperature regimes. However, detailed analysis
reveals that En has different form at low and high temperature regime. At low
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where the parameter K = 2pi is set the same value as used in numerical calculations.







is linear on-site potential. The second







is nonlinear on-site potential. However, the
particles in lattice are not stable if the dominant nonlinear potential is this nega-








is considered, the system can stay on stationary states. This implies the
third order Taylor expansion potential is the dominant nonlinear potential when sta-
tionary states are achieved. So the nonlinear potential energy En at low temperature







The dimensionless nonlinearity strength  thus can be expressed approximately




















The ensemble average of linear potential energy 〈El〉 = NkBT/2 is the result of











should be proportional to 〈El〉3. Thus the di-
mensionless nonlinearity strength  ∼ T 2 is obtained at low temperature regime.




(1− cos 2pixi) cannot be neglected. The nonlinear potential energy En
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(1−cos 2pixi) since the linear on-site potential term
inside can be ignored. The approximate expression of dimensionless nonlinearity

















〉 ∝ 1/T (3.5)
where the property 〈El〉 = NkBT/2 has been used.
Now for FK lattice, the dimensionless nonlinearity strength  with the temper-
ature dependence can be obtained at low and high temperature regime
 ∼ T 2, T  1;  ∼ 1/T, T  1 (3.6)
Comparing with the numerical results where κ ∼ T−1.9 for T  1 and κ ∼ T 1.30 for
T  1, the correlation between the dimensionless nonlinearity strength  and the




In contrast to the assumption of phonon collision theory that the mean-free-path
of phonons l is inversely proportional to the temperature T , here the mean-free-path
of phonons l is assume to be inversely proportional to the temperature dependent
dimensionless nonlinearity strength . The rough analysis κ ∼ 1

is in quite good
agreement with the numerical calculations. In the next section, the dimensionless
nonlinearity strength  will be incarnated into the expression of effective phonon
theory. And the temperature dependent heat conductivities for general 1D nonlinear
lattices will be discussed.
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3.3 Temperature Behavior of Heat Conductivities
In the effective phonon theory, the relaxation time of effective phonons is assumed





the dimensionless prefactor λ was claimed as a constant only depending on tempera-
ture. From numerical simulations of FK lattice, we find the correlation between the
dimensionless nonlinearity strength  and the mean-free-path of phonons l as l ∝ 1/.
Since the uncertain parameter within the mean-free-path of effective phonons is the






In the harmonic limit, the nonlinearity vanishes,  → 0. The phonons should have
infinite life time which is exactly implied by this conjecture τk ∝ 1/→∞.
From, Eq.(2.25), the explicit formula of heat conductivity in terms of effective















where λ = 1

has been used. It will be convenient to consider the heat conductivity
















3.3. Temperature Behavior of Heat Conductivities 66
where P is defined as the integral containing the system coefficient γ. Inside the
integral, the unknown normalized power spectrum of total heat flux P (k) could also
be temperature dependent. However, for the low and high temperature regimes con-
sidered here, the normalized power spectrum P (k) can be assumed as temperature
dependent. It is because at the low and high temperature regimes, there is only
one potential term which is dominant for the lattice. The lattices can be always
treated as this potential perturbed by another potential with smaller quantity. For
this situation, the form of normalized power spectrum P (k) is expected tempera-
ture independent. This is also the reason why the power law dependence of heat
conductivity is often observed for general 1D nonlinear lattices within these regimes.
The benefit for dividing the heat conductivity κ into these two parts is now clear.
For lattices without on-site potential, the P term inside the expression is temper-
ature independent since the only temperature dependent variable here, the system
coefficient γ, is vanishing. A precise prediction of the temperature dependence of
heat conductivity is possible for lattices without on-site potential.
3.3.1 Lattices without on-site potential
For lattices without on-site potential, the temperature dependence of heat conduc-






the constant specific heat c has been dropped off (The reason why specific heat c
of nonlinear lattices can be dropped off is discussed in Appendix A). Thus the heat
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conductivity depends on temperature T only via the system coefficient α and the
dimensionless nonlinearity strength . The FPU-β lattice and a modified FPU-α
lattice will be considered here for the delegates of lattices without on-site potential.
FPU-β lattice. The one with Hamiltonian (g2 = g4 = 1) is considered. At
low temperature regime, the heat conductivity κ exhibits κ ∼ 1/T temperature
dependence in numerical simulations [6]. This is in agreement with the prediction by
phonon collision theory. However, at high temperature regime, the heat conductivity
κ is found to have a temperature dependence κ ∼ T 1/4 numerically. This strong
nonlinear behavior cannot be explained by the previous phonon theories which only
deal with weak coupling interactions. Thus a soliton theory is proposed to explain
this temperature behavior of heat conductivity for high temperature FPU-β lattice
[6].
In effective phonon theory, the system coefficient α has analytic expression for
FPU-β lattice as it has been encountered during the discussion of sound velocity of
effective phonons in last Chapter








at low temperature regime when T  1, the second term in the right hand side of the
above equation can be neglected and α ≈ 1. While at high temperature regime when
T  1, the quartic interparticle potential is dominant and the quadratic interpar-












T 1/2, T  1 (3.14)
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T  1 ∼ 1 ∼ T ∼ 1/T
T  1 ∼ T 1/2 ∼ 1 ∼ T 1/4
Table 3.1: Prediction of temperature dependence of heat conductivity by effective
phonon theory for FPU-β lattice.





































〉 ∝ T (3.16)
since 〈El〉 = NkBT/2 at weak coupling limit. However, at high temperature regime
which is also the strong nonlinear coupling region when T  1, the quadratic inter-
particle potential can be ignored comparing to the quartic interparticle potential.











〉 = 1 (3.17)
The temperature dependent system coefficient α and dimensionless nonlinearity
strength  are summarized in Table 3.1. The last column in the table is the temper-
ature dependent heat conductivity in terms of effective phonon theory for FPU-β
lattice. The derived temperature behavior of heat conductivity is consistent with
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the numerical simulations in Fig.3.2 and Ref. [6] for both low and high temperature
regimes.
The symmetric FPU-α lattice. Since the original FPU-α lattice is not suit-
able for numerical simulations with unstable cubic interparticle potential, a modified















The absolute cubic potential guarantees the system can stay on stationary states.
The system coefficient α also has an simple analytic expression for this symmet-
ric FPU-α lattice



























At low temperature regime when T  1, the nonlinear contribution to α can be
ignored and α ≈ 1. At high temperature regime when T  1, the nonlinear con-
tribution dominates the coefficient α. The quadratic interparticle potential can be
neglected comparing to the cubic interparticle potential part. So the coefficient α
















T 1/3, T  1 (3.20)
















i=1 |xi − xi−1|3
〉 (3.21)
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Figure 3.2: Heat conductivity κ vs T for the FPU lattices with N = 2000. The
solid circles are numerical results of FPU-β model. Open circles are that of the
FPU-α model with absolute cubic potential where data have been shifted vertically
for comparison. The inset is high temperature behavior of the FPU-α model. The
lower panel is the enlargement of low temperature part. The additional semi circles
are from the FPU-αβ model with cubic and quartic interparticle potential.
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T  1 ∼ 1 ∼ T 1/2 ∼ 1/T 1/2
T  1 ∼ T 1/3 ∼ 1 ∼ T 1/6
Table 3.2: Prediction of temperature dependence of heat conductivity by effective
phonon theory for symmetric FPU-α lattice.
At low temperature regime when T  1, the quadratic interparticle potential dom-
inates and the cubic term can be ignored in the denominator. So the dimensionless











〉 ∝ T 1/2, T  1 (3.22)
While at high temperature regime, the cubic interparticle potential dominates and
the quadratic part can be ignored in the denominator. Thus the dimensionless










i=1 |xi − xi−1|3
〉 = 1, T  1 (3.23)
The relation of system coefficient α and dimensionless nonlinearity strength with
temperature has been summarized in Table 3.2 for the symmetric FPU-α lattice.
The last column in the above table is the temperature dependent heat conductivity
derived from effective phonon theory for the symmetric FPU-α lattice. In Fig.3.2,
the numerically calculated temperature dependent heat conductivity is plotted for
both low and high temperature regimes. For low temperature case, heat conductivity
exhibits κ ∼ 1/T 1/2 behavior predicted by the effective phonon theory to a good
degree. At high temperature regime, heat conductivity approaching the asymptotic
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κ ∼ T 1/6 scale behavior predicted by the effective phonon theory is also observed.
To make the claim more convincing, the heat conductivity at high temperature limit
T → ∞ is calculated in the inset of Fig.3.2. This simulation is actually performed













At high temperature limit, the quadratic interparticle potential can be neglected.
The numerically calculated heat conductivity shows precisely the κ ∼ T 1/6 temper-
ature dependence.
The κ ∼ 1/T 1/2 behavior at low temperature regime also demonstrates there is
no universal temperature behavior of heat conductivity in the weak coupling region.
The effective phonon theory can interpret the temperature behavior of heat conduc-
tivity for lattices without on-site potential at both weak coupling (low temperature)
regime and strong coupling (high temperature) regime consistently.
3.3.2 Lattices with on-site potential
For lattices with on-site potential, the heat conductivity is more complicated since
κ also depends on temperature via the system coefficient γ. From Eq.(3.11) of
effective phonon theory, the integral containing the temperature dependent γ cannot
be integrated since the normalized power spectrum P (k) is unknown. However, a
qualitative temperature dependence of heat conductivity for lattices with on-site
potential such as FK lattice and φ4 lattice can be drawn from the effective phonon
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theory. For some special lattice such as Quartic φ4 lattice, quantitative temperature
behavior of heat conductivity can be predicted.
The FK lattice. The Hamiltonian with quadratic interparticle potential V (xi, xi−1) =
1
2
(xi − xi−1)2 and periodic on-site potential U(xi) = − K(2pi)2 cos 2pixi is considered.
According to Eq.(3.11), the heat conductivity depends on temperature via dimen-
sionless nonlinearity strength  and system coefficient γ since the other coefficient
α = 1 from definition.
The dimensionless nonlinearity strength  of FK lattice at low and high temper-
ature regimes has been discussed in the section of ”nonlinearity and heat conduc-
tivity”. It is found  ∼ T 2 at low temperature region where T  1 while  ∼ 1/T
at high temperature region where T  1.
As for the integral P containing coefficient γ of Eq.(3.11), quantitative temper-
ature dependence of heat conductivity is not yet possible right now. The qualitative
temperature dependent κ can be figured out through the temperature behavior of
coefficient γ. At both low and high temperature limit, the FK lattice is approaching
to the harmonic lattice where the system coefficient γ should be zero. It is also
known at intermediate temperature range, the coefficient γ > 0 for lattices with on-
site potential. Thus the qualitative temperature behavior of coefficient γ is like this.
At low temperature regime, γ increases with the increase of temperature. While at
high temperature regime, γ decreases with the increase of temperature.
Since coefficient γ is in the denominator of the integral kernel of P, the P should
decreases with temperature for T  1 and increases with temperature for T  1.
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From Eq.(3.11), the temperature dependent heat conductivity has the form κ ∼ P/.
It then can be predicted from effective phonon theory that for T  1, κ should
decrease with temperature faster than 1/T 2 while for T  1, κ should increase
with temperature faster than T . In Fig.3.1, the numerically observed temperature
behavior of κ at high temperature regime exhibits κ ∼ T 1.30 which is consistent
with the prediction of effective phonon theory. At low temperature regime, the
numerically observed temperature behavior of κ with κ ∼ 1/T 1.9 is a little different
from the prediction. This might be the influence of the unstable quartic on-site
potential in the Taylor expansion of the cosine function. Since a stable quartic
on-site potential has a contribution of 1/T to the heat conductivity.
The heat conductivity decreases at low temperature regime and increases at
high temperature regime. The turning point can be roughly estimated from the













By definition, 〈∑i p2i /2〉 = NT/2. At this turning point, we expect the ensemble











(1− cos 2pixi)〉. (3.26)










where we have used the approximations c ≈ 1 and 〈∑i(1− cos 2pixi)〉 ≈ N/2. With
K = 2pi in our numerical calculation, we have T0 = 1/pi, which is shown as the
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dotted line in the middle of Fig.3.1. It is in a good agreement with the numerical
calculations.
The φ4 lattice. The Hamiltonian with setting (g2 = σ4 = 1) is considered.
The lattice only has quadratic interparticle potential and quartic on-site potential.
The temperature behavior of heat conductivity for this lattice has been calculated
in Ref. [73] and a very good scaled behavior of κ ∼ 1/T 1.35 has been found.
In the point view of effective phonon theory, the system coefficient α = 1 just
like FK lattice. At low temperature regime, the φ4 lattice is quite similar to the




x4i while FK lattice only has stable sixth order on-site potential. The













〉 ∝ T (3.28)
the same as FPU-β lattice.
The system coefficient γ for φ4 lattice is analyzed in the same way as for FK
lattice. At low temperature limit, the φ4 lattice approaches to harmonic lattice
where γ = 0. So γ should increase with temperature for φ4 lattice. From Eq.(3.11),
the integral P should decrease with temperature. Therefore, the heat conductivity
of φ4 lattice should decrease faster than κ ∼ 1/T . This prediction is consistent with
the existing numerical results κ ∼ 1/T 1.35.
The high temperature behavior of φ4 lattice is not considered here. The reason
is because there is no transport behavior for φ4 lattice with very high temperature.
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Figure 3.3: Heat conductivity κ vs T for the Quartic φ4 lattices with N = 256. The
dotted line has the scale of ∼ T 1/4.
For T  1, the quadratic interparticle potential can be neglected. The quartic
on-site potential is dominant and the lattice becomes individual oscillators. This is
also the so-called anti-continuous or anti-integrable limit which is often studied in
the area of energy localizations [9].
Quartic φ4 lattice. The Hamiltonian with setting (g4 = σ4 = 1) is considered.
The lattice has both quartic interparticle and on-site potential. There is no linear
potential part, so the dimensionless nonlinearity strength  = 1 for the Quartic φ4
lattice at any temperature.
From the effective phonon theory, the system coefficient α and γ can be expressed



























〈∑Ni=1 x2i 〉 or
〈∑Ni=1(xi−xi−1)4〉
〈∑Ni=1 x4i 〉 should be temperature independent.
Therefore, the system coefficient γ for Quartic φ4 lattice is also temperature in-
dependent. The heat conductivity depends on temperature only via the system
coefficient α! From Eq.(3.11), the temperature dependent heat conductivity has the











is assumed with prefactor A












Comparing with the expression of α of Eq.(3.14) for FPU-β lattice at high temper-
ature limit, the only difference is the additional temperature independent constant
A in the above equation. Thus it can be derived for the Quartic φ4 lattice, the
coefficient α ∼ T 1/2 with the same scaling behavior as high temperature FPU-β
lattice.
From the effective phonon theory, the heat conductivity should has the temper-
ature dependence of κ ∼ T 1/4 for the Quartic φ4 lattice. This is exactly what is
observed in numerical simulations in Fig.3.3. For this special lattice with on-site
potential, the prediction from effective phonon theory is precisely consistent with
the numerical calculation.
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3.3.3 Lattices with single scaling potential
This category of lattices can be lattices without on-site potential or lattices with











, s > 2 (3.31)














, s > 2 (3.32)
for lattices with on-site potential. They have only one symmetric nonlinear potential
or two symmetric nonlinear potential with the same order. For lattices without on-
site potential of the first type, the case s = 3 is just the high temperature limit
symmetric FPU-α lattice and s = 4 is just the high temperature limit FPU-β
lattice which is the so-called H4 lattice or Quartic FPU-β lattice. For lattices with
on-site potential of the second type, the case s = 4 is just the Quartic φ4 lattice. To
simplify the notation, the lattices of the first type will be denoted as Hs lattice and
the lattices of the second type will be denoted as pure φs lattice.
The heat conductivity of this category of lattices has a common property. They
exhibits single scaled temperature dependence with the form κ ∼ T δ and the power
law exponent δ > 0. From numerical simulations it has been observed that κ ∼ T 1/6
for H3 lattice, κ ∼ T 1/4 for H4 and pure φ4 lattice. The effective phonon theory just
precisely predicts the temperature behavior for the three lattices. Next, the analysis
from effective phonon theory will verify the above claim that all the Hs and pure φ
s
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lattices show κ ∼ T δ temperature dependence and the exponent δ will be derived
explicitly.
From effective phonon theory, the Hs and pure φ
s lattices don’t have linear po-
tential. So the dimensionless nonlinearity strength  = 1 for any temperature. For
Hs lattices, the system coefficient γ = 0. For pure φ
s lattices, the system coefficient γ
should be temperature independent since γ is the ratio between ensemble average of
the interparticle potential and on-site potential with the same order. Furthermore,
the normalized power spectrum P (k) is assumed to be temperature independent be-
cause the dimensionless nonlinearity strength  is temperature invariant. According
to Eq.(3.11), the heat conductivity is well simplified and depends on temperature
only via the system coefficient α as κ(T ) ∼ √α.
From definition of effective phonon theory, the system coefficient α for the Hs








After taking through the ensemble average, the coefficient α has the following












By replacing the dummy variable φ with the new variable φ′ = 1
sT
φs, the integral in
the denominator or numerator can be easily divided into a product of one prefactor
containing temperature T and one integral independent of T . The temperature
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dependent coefficient α thus can be derived as α ∼ T 1− 2s . Therefore, the heat
conductivity of Hs lattices has the temperature dependence κ ∼ √α ∼ T 12− 1s .
For pure φs lattices, the analytic expression of α only differs from that of Hs












The temperature dependence of α for pure φs lattices should be the same as that of
Hs lattices.
Thus for general Hs and pure φ
s lattice, the heat conductivity has the solely
scaled temperature dependence from effective phonon theory
κ ∼ T 12− 1s (3.36)













One of the interesting thing of this prediction is that for the Hs lattice with
s → ∞. This lattice has an infinite high potential barrier at the boundaries and
zero potential within the boundaries with |xi − xi−1| = 1 for all i. The potential
for this lattice is very similar to that of the ideal gas model. The prediction from
effective phonon theory κ ∼ √T is just the well know result of one-dimensional gas
model.
3.3.4 Bulk materials, nanotubes and nanowires
At room temperature, bulk materials exhibit a universal temperature behavior
κ ∼ 1/T [113]. This experimental fact provides evidence for the claim of phonon col-
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lision theory. However, from the numerical simulations of FK lattice and symmetric
FPU-α lattice, the heat conductivities of them don’t exhibit κ ∼ 1/T temperature
behavior which is predicted by the effective phonon theory.
Although the effective phonon theory is aimed mainly for 1D nonlinear lattices,
the argument about the nonlinearity and heat conductivity is also applicable for
realistic bulk materials. For general bulk materials, the interparticle potential can
always be expanded as a polynomial series. Actually, the celebrated Fermi-Ulam-
Pasta lattice model is proposed just by this consideration. However, the first-order
nonlinear potential with cubic term is not stable in the sense that particles will
escape to infinity if the system only contains the quadratic and cubic interparticle
potential. On the other hand, particles are more likely to approach the stable
states governed by the next order nonlinear potential: quartic interparticle potential.
On this consideration, the FPU-αβ model with both cubic and quartic nonlinear
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The heat conductivity at low temperature regime for this model has been numerically
calculated. The results are plotted in the lower panel of Fig.3.2. The resulted
temperature dependent κ is more like that of FPU-β lattice with κ ∼ 1/T . From the
point view of effective phonon theory, this might be the reason that bulk materials
always exhibit κ ∼ 1/T behavior at room temperature region.
Due to potential application of thermal devices, the thermal properties of nan-
otubes [114–119] and nanowires [120–125] has been put into intensive study. Both of
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nanotubes and nanowires could be viewed as quasi-one dimensional lattices. How-
ever, the nanotubes exhibit unusually high heat conductivity at room temperature
while nanowires have heat conductivity about two orders of magnitude lower than
the bulk value. In the point view of effective phonon theory, the nanotubes can be
considered as the FPU-like lattices since the acoustic phonons dominate the heat
transportation. While for the nanowires, the acoustic phonons are scattered by
the surface boundary conditions. The random surface boundary conditions play
the same role as nonlinear on-site potential for FK or φ4 lattices where the acoustic
phonons are scattered by the nonlinear on-site potential. Thus the effective phonons
of nanowires are resulted as optical-like effective phonons.
This is the reason that the heat conductivity of nanotubes is found to have the
same anomalous behavior as FPU-like lattices. The heat conductivity of nanowires
also exhibits some similarity with the FK lattice. The low heat conductivity of
nanowires can be explained by the strong nonlinearity and the small mean-free-path
of effective phonons with optical phonon band. At room temperature, the silicon
nanowire with small radius (22 nm) has temperature behavior of heat conductivity
as κ ∼ T [122] which is just the case for high temperature behavior of FK lattice.
3.4 Summary
On summary of this chapter, the temperature-dependent thermal conductivities of
general 1D nonlinear lattices has been investigated systematically in the framework
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of effective phonon theory. Firstly, it has been demonstrated from numerical sim-
ulations for the FK lattice that the commonly believed phonon collision theory is
not suitable for the explanation of classical heat conduction. Secondly, a correla-
tion between the dimensionless nonlinearity strength  and the mean-free-path of
effective phonons has been found from the numerical calculations. A conjecture
that the mean-free-path of effective phonons is inversely proportional to the dimen-
sionless nonlinearity strength has been incarnated into the effective phonon theory.
The temperature dependence of heat conductivity thus can be determined through
the temperature dependence of dimensionless nonlinearity strength , the system
coefficient α and γ.
Finally, the effective phonon theory has been applied to explain the tempera-
ture behavior of heat conductivities for general 1D nonlinear lattices. For lattices
without on-site potential such as FPU-β lattice and symmetric FPU-α lattice, the
predictions from effective phonon theory are in good agreement with the numerical
calculations for both weak coupling (low temperature) and strong coupling (high
temperature) regimes. For lattices with on-site potential such as FK lattice and
φ4 lattice, the qualitative temperature dependence of heat conductivities is well
explained by the effective phonon theory. For one special Quartic φ4 lattice with
on-site potential, the quantitative temperature dependence of heat conductivity is
precisely predicted by the effective phonon theory. Later on, it is elucidated that
for one special category of lattices with single scaling potential, the analytic form
of power law dependent heat conductivities as a function of temperature can be
derived. The analytic results from effective phonon theory are consistent with the
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existing numerical results. And the consistency with one-dimension gas model has
been found. By using the language of effective phonon theory, the temperature
behavior of general bulk materials, nanotubes and nanowires has also been tackled.
So far, the size-dependent heat conductivity and temperature-dependent heat
conductivity have been successfully explained by the effective phonon theory. In the
next chapter, the effective phonon theory will be applied to a 1D φ4 lattice with
strong harmonic on-site potential to explain the general parameters-dependent heat
conductivities beyond lattice length and temperature.
Chapter 4
Parameter-dependent Thermal
Conductivities of 1D φ4 Lattice
The size-dependent and temperature-dependent thermal conductivities of 1D non-
linear lattices have been investigated systematically by the effective phonon theory.
In fact, the thermal conductivity also depends on other parameters such as the
harmonic coupling constant, nonlinear coupling constant within the system Hamil-
tonian. The information of these parameters can be obtained in practical experi-
ments. Understanding thermal conductivity in terms of these system parameters will
definitely benefit the design of thermal devices such as thermal diodes and thermal
transistors.
Recently, a 1D φ4 lattice with strong harmonic on-site potential has been the-
oretically studied by Lefevere and Schenkel (LS) [126]. This φ4 lattice contains
harmonic interparticle potential, harmonic on-site potential and quartic on-site po-
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Based on Peierls-Boltzmann equation of phonons, they derived a formula of heat
conductivity in terms of all system parameters considered in the strongly pinned





Thus there are two objects for the following study. First, a formula like Eq.(4.2)
would be derived from the effective phonon theory which should be beyond the
strongly pinned limit. Second, a systematical numerical study should be performed
by Non-Equilibrium Molecular Dynamics (NEMD) to obtain the heat conductivity
as a function of the four parameters T , λ, ω and µ. The numerical results will be
compared with the predictions of Eq.(4.2) and the predictions derived from effective
phonon theory.
4.1 Effective Phonon Theory
The application of effective phonon theory to this 1D φ4 lattice is straightforward.
According to effective phonon theory, the Hamiltonian can also be expressed by the
parameter setting (g2 = ω
2, σ2 = ω
2µ2, σ4 = λ). The system coefficient α = ω
2 is




ω2µ2〈∑i x2i 〉+ λ〈∑i x4i 〉
〈∑i x2i 〉 = µ2(1 + β) (4.3)
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〈∑i x2i 〉 (4.4)
The effective phonon band thus can be obtained through ωˆ2k = α(ω
2
k+γ). The group














+ µ2(1 + β)
(4.5)
where  is the dimensionless nonlinearity strength. From definition,  is the ratio
between the ensemble average of the nonlinear on-site potential energy and the





if the following approximations have been used, 1
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i 〉 and µ2  1.
Substituting the expression of v(k), τ(k) and  into the expression of heat con-































/µ2 + (1 + β)]3/2
dk. (4.8)
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The expression of heat conductivity consists of two items. For the first item, it
contains the explicit parameter dependence as well as an ensemble average 〈∑i x2i 〉/〈∑i x4i 〉
which is also parameter dependent. In Ref. [110], it was found for FPU-β lattice
there is a relationship between the ensemble average of quadratic interparticle po-








where prefactor A is a constant which can be determined by the numerical simula-
tions. In analogy with this, it is assumed that there is also a similar relationship
between the ensemble average of quadratic on-site potential and quartic on-site po-








The numerical simulation confirms this relationship and gives the prefactor A ≈ 2.7.
From the general equipartition theorem, the temperature T is defined as
T =









where the approximations β  1 and µ2  1 have been used.
Comparing Eq.(4.11) with Eq.(4.10), the ratio of ensemble average can be ob-
tained
〈∑i x4i 〉
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As for the second item P, the lack of information about normalized power spec-
trum of total heat flux P (k) prevents us from getting precise parameter dependence
of the integral P. However, the qualitative behavior of integral P in terms of all
parameters is still available. Substituting the expression of β into Eq.(4.8), the














It is clear from this formula that, P increases with the increase of ω and µ, and
decreases with the increase of λ and T despite the lacking of information about
P (k).
Thus from Eq.(4.13) of effective phonon theory, it can be derived that the heat
conductivity should increase faster than κ ∝ ω5µ and decrease faster than κ ∝ 1
λT
.





can be viewed as a lower limit for the parameter dependence of heat conductivity.
The theoretical prediction of Eq.(4.2) from Ref. [126] is consistent with this result
derived from the effective phonon theory.
4.2 Numerical Results
To verify the parameter dependent heat conductivities of the φ4 model, the heat
conductivity as the function of all parameters has been directly calculated by the
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Figure 4.1: Heat conductivity κ vs T for different values of parameter µ. (a) µ = 0.5.
(b) µ = 3. In both cases, λ = 0.2, ω = 1 and the lattice length is N = 512.
stationary Non-Equilibrium Molecular Dynamics. The fourth-order Runge-Kutta
method is used to integrate the equations of motion and the Langevin thermostat
is used to simulate the heat bath coupled to the ends of lattice. In all the following
calculations, fixed boundary conditions are used.
4.2.1 T dependence
Temperature is the most convenient parameter which can be easily adjusted in
real experiments. Understanding the temperature behavior of heat conductivity
is very crucial for the application of thermal devices. In numerical simulations,
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temperature dependence of heat conductivity is the mostly studied behavior besides
the size dependence of heat conductivity in 1D nonlinear lattices. The temperature
dependence of heat conductivity of φ4 lattice has been calculated for parameter
µ = 0 in Ref. [73], showing κ ∝ T−1.35 scaling behavior. The φ4 lattice exhibits
normal heat conduction for any value of parameter µ. Here the heat conductivity
κ vs T for two different value of parameter µ = 0.5 and µ = 3 is calculated. The
other two parameters are set as λ = 0.2 and ω = 1.
In Fig.4.1(a), κ vs T is plotted for parameter setting λ = 0.2, µ = 0.5 and
ω = 1. The best fitting gives rise to a power law dependence of heat conductivity
with temperature as κ ∝ T−1.56±0.05. Fig.4.1(b) is for the parameter setting λ = 0.2,
µ = 3 and ω = 1. At this setting, µ2 = 9  1 is relatively closer to the strongly
pinned limit described in Ref. [126]. The best fitting gives rise to κ ∝ T−1.83±0.04.
The exponent is decreased from −1.56 to −1.83 when µ is increased from 0.5 to 3.
The later one, −1.83 is close to the limit value of −2 predicted by Eq.(4.2) for very
large µ. It should be pointed out that the difficulty of ergodicity for larger value
of µ prevents us from calculating heat conductivity for much larger µ. But for the
present data, it is clear that the exponent is smaller than −1 and larger than −2
lying between the two predictions from the effective phonon theory and Ref. [126].
According to the effective phonon theory, given the expression of normalized
power spectrum P (k) in Eq.(4.14), the full T behavior of heat conductivity can
be obtained by integrating Eq.(4.14). If the system dynamics are strongly chaotic
where µ2 is not too large, the normalized power spectrum P (k) can be roughly
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Figure 4.2: P vs T . The definition of P is given in Eq.(4.14). Parameter setting is
same as that one in Fig.4.1(a).
approximated as k independent. Thus the Eq.(4.14) can be easily integrated for fixed
temperature since all other parameters are already known. The calculated integral
of P versus T is plotted in Fig.4.2 by using the same parameter setting as Fig.4.1(a).
The best fitting gives rise to P ∝ T−0.52 for small T and P ∝ T−1.01 for large T
respectively. By using Eq.(4.13), the effective phonon theory gives the estimation
of full T dependence of heat conductivity between κ ∝ T−1.52 and κ ∝ T−2.01
for parameters λ = 0.2, µ = 0.5 and ω = 1. The estimation for small value of
temperature is quite close to the result of NEMD, κ ∝ T−1.56±0.05.
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Figure 4.3: Heat conductivity κ vs λ for different parameter µ with T = 1, ω = 1
and length N = 512. (a) µ = 1. (b) µ = 3.
4.2.2 λ dependence
Parameter λ is the coupling strength of nonlinear part of the on-site potential. In
the strongly pinned limit, this nonlinear part is required to be much smaller than
the harmonic part of the on-site potential, 1
4
λ〈∑i x4i 〉  12ω2µ2〈∑i x2i 〉. Here the
λ dependence of heat conductivity for two different values of µ = 1 and µ = 3 has
been calculated. The other two parameters T = 1 and ω = 1 are the same for both
cases.
In Fig.4.3(a), κ vs λ is plotted for parameter setting T = 1, µ = 1 and ω = 1.
The best fitting gives rise to κ ∝ λ−1.48±0.02. In Fig.4.3(b), parameter µ is changed
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Figure 4.4: P vs λ. Same parameter setting as Fig.4.3(a).
from 1 to 3, and the power law dependence of heat conductivity with λ is now
κ ∝ λ−1.79±0.03. The exponent of the power law is changed from −1.48 to −1.79
appropriately. Once again, this exponent is smaller than −1 of Eq.(4.15) and larger
than −2 of Eq.(4.2) and the trend to −2 when µ is increased is obvious.
Using the same analysis given in last section, the normalized power spectrum
P (k) is assumed to be mode k independent for small µ2. The calculated P is plotted
in Fig.4.4. P exhibits λ dependence as P ∼ λ−0.25 for small λ and P ∼ λ−0.73
for large λ . Thus the full λ dependence from Eq.(4.13) can be estimated between
κ ∝ λ−1.25 and κ ∝ λ−1.73 which is consistent with the result of numerical simulation
κ ∝ λ−1.48 for the case of µ = 1 in Fig.4.3(a).
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Figure 4.5: Heat conductivity κ vs µ for the φ4 lattice withN = 512. The parameters
are set as T = 1, λ = 1 and ω = 1.
4.2.3 µ dependence
Parameter ω2µ2 is the coupling strength of harmonic part of the on-site potential.
Since ω2 is the coupling strength of harmonic inter particle potential, the µ2 can be
viewed as the ratio between harmonic part of the on-site potential and the harmonic
inter particle potential. Here the µ dependence of heat conductivity is calculated
for parameter setting T = 1, λ = 1 and ω = 1.
In Fig.4.5, the best fitting gives rise to the power law dependence of heat con-
ductivity with µ as κ ∝ µ2.34±0.06. The exponent lies between 1 of Eq.(4.15) and 3
of Eq.(4.2) and is closer to the prediction of Eq.(4.2) for strongly pinned limit.
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4.2.4 ω dependence
Parameter ω shows up in the harmonic interparticle potential as well as the harmonic
part of the on-site potential. In the simulations, the other parameters are set as
T = 1, λ = 1 and µ = 1. The reason why parameter µ is set as 1 is that when
the value of ω is increased from 1, the product of ωµ also increases so that the
requirement 1
4
λ〈∑i x4i 〉  12ω2µ2〈∑i x2i 〉 is satisfied.
In Fig.4.6, the best fitting gives the power law dependence of heat conductivity
with ω as κ ∝ ω7.8±0.3. The exponent is 7.8. This numerical value is larger than 5
of Eq.(4.15) and close to 9 of Eq.(4.2). Once again, the exponent lies between the
predictions of effective phonon theory and theory of Ref. [126].
4.3 Summary
In this chapter, dependence of heat conductivity κ of the 1D φ4 lattice has been
derived from effective phonon theory in terms of the system parameters, tempera-
ture T , nonlinear coupling strength λ, harmonic inter particle coupling strength ω
and harmonic strength of the on-site potential µ. The analytic result is given in
Eq. (4.13). And the heat conductivity in terms of all parameters has been numer-
ically calculated by stationary NEMD. The numerical results is compared with the
theoretical prediction of effective phonon theory as well as that one from Ref. [126].
It is found that the exponents for these four parameters are consistent with the
predictions of Eq.(4.13) from the effective phonon theory. For all the parameters
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Figure 4.6: Heat conductivity κ vs ω for the φ4 lattice with N = 512. The parame-
ters are set as T = 1, λ = 1 and µ = 1.
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investigated, the numerical exponents lie between the lower limit of prediction from
the effective phonon theory (κ ∝ ω5µ
λT
) and the prediction of Ref. [126] (κ ∝ ω9µ3
λ2T 2
).
The prediction of Ref. [126] comes from the linearization of the Peierls-Boltzmann






x4i in the φ
4 model. By imposing another requirement µ2  1
which is the strong pinned limit, LS figured out the expression of heat conductivity,
Eq.(4.2). Theoretically, the expression κ ∝ ω9µ3
λ2T 2
holds only at the two limits λ 1
and µ2  1. However in numerical simulations which deal with finite systems in
limited computer time, these two requirements are not rigorously satisfied since the
two limits cannot be reached. The limit λ  1 causes ergodic problem for finite
systems. The exponentially increasing computer time prevents us from investigating
the transport behavior for very small λ. The other parameter µ cannot be calculated
for very large value too. µ2  1 is the so called anti-continuous limit [9]. In this
limit, the system becomes an array of disconnected oscillators that cannot transport
any energy. The numerical values deviate from the prediction of Eq.(4.2) because
the parameters used in simulations do not satisfy the rigorous conditions used in
derivation of this formula. From the numerical results, it has been noticed that the
exponents for all the parameters are approaching the predictions of Eq.(4.2) when
the value of µ is increased. These results suggest that Eq.(4.2) might be exact for
the strong pinned limit considered in Ref. [126].
Chapter 5
Conclusions and Future Works
This dissertation reports on research covering the classical heat conduction of general
1D nonlinear lattices with/without on-site potential. Both theoretical and compu-
tational techniques are employed. The motivation of this work has two folds. First,
better understanding of the heat conduction in 1D nonlinear lattices is one step
closer to the ultimate challenge of pursuing the microscopic mechanism of Fourier’s
heat conduction law and very beneficial for the ongoing technological progress on
the design of novel solid state thermal devices based on low dimensional lattice sys-
tems. Second, the numerically observed anomalous and normal heat conduction in
1D nonlinear lattices need to be interpreted in the atomic level.
Encouraged by the finding of renormalized phonons in general 1D nonlinear
lattices, we developed an Effective Phonon Theory based on the concept of effective
phonons. The effective phonons are treated as the carriers of heat energy during heat
transport processes. These effective phonons oscillate quasi-periodically with some
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effective periods and transfer through the lattice with some effective phonon group
velocities. By considering the weighted contribution from each effective phonon
mode to the heat conduction, a formula of heat conductivity in terms of effective
phonons is derived in analogy with the original Debye formula in terms of phonons.
It is found that the mean-free-path of effective phonons is infinite long for lattices
without on-site potential due to the acoustic-like effective phonon band. While
the mean-free-path of effective phonons is finite for lattices with on-site potential
due to the optical-like effective phonon band. From the resulted Debye formula of
effective phonons, it can be derived that the lattices without on-site potential exhibit
anomalous heat conduction behavior while the lattices with on-site potential exhibit
normal heat conduction behavior.
In study of the temperature behavior of heat conductivity, a correlation be-
tween dimensionless nonlinearity strength and heat conductivity has been revealed.
By incarnating the dimensionless nonlinearity strength into the expression of the
relaxation time of effective phonons, the temperature dependent heat conductivities
can be obtained by the effective phonon theory for general 1D nonlinear lattices at
low and high temperature regimes. For lattices without on-site potential such as
FPU-β lattice and symmetric FPU-α lattice, the temperature dependence of heat
conductivity is precisely predicted by the effective phonon theory for both weak and
strong coupling regimes consistently. For lattices with on-site potential such as FK
lattice and φ4 lattice, the qualitative temperature dependence of heat conductiv-
ity is predicted by the effective phonon theory. For a special lattice with on-site
potential, i.e. the Quartic φ4 lattice, the quantitative temperature dependence of
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heat conductivity is predicted by the effective phonon theory. It is lately found that
for one special category lattices with single scaling potential which could be lat-
tices with/without on-site potential, the exact power law temperature dependence
of heat conductivity can be derived from the effective phonon theory. The results
are consistent with all the existing numerical simulations. The reason why bulk
materials exhibit universal κ ∼ 1/T temperature behavior has been explained by
the effective phonon theory. The similarity between nanotubes/nanowires and 1D
nonlinear lattices has also been discussed. It is found the nanotubes are more like
the FPU-like lattice without on-site potential while the nanowires are more like the
FK lattice with on-site potential.
The effective phonon theory has also been applied to a 1D φ4 lattice with strong
harmonic on-site potential. The results are consistent with the results derived from
the approach of Peierls-Boltzmann equation. The numerical investigation has been
performed systematically for this lattice model and qualitative parameter depen-
dence of heat conductivity has been found between numerical calculations and the-
oretical derivations.
The future work would also have two folds. First, derive the effective phonon
theory in a more rigorous way. In the current theory, the normalized power spectrum
of P (k) doesn’t have an analytic expression even for approximate consideration. The
full understanding of P (k) should finally resolve the debate about the universality of
divergent exponent of anomalous heat conduction in 1D nonlinear lattices without
on-site potential. It would also enable us to predict the parameter dependence of
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heat conductivity for lattices with on-site potential more precisely. The relaxation
time of effective phonons is just an assumption right now. It is hoped that this
relaxation time could be derived from the theory of many-particle physics which
should yield the relation with nonlinearity strength naturally. Second, apply the
effective phonon theory to explain the heat conduction beyond 1D lattices. The
nanotubes and nanowires are all quasi-one dimension lattice systems. They have
exhibit much similarity with the 1D nonlinear lattice systems. It is hoped that the
effective phonon theory can be extended to cover the quasi-one dimension lattice sys-
tems. Some arguments of effective phonon theory should not be limited to classical
systems such as the relationship between nonlinearity strength and mean-free-path
of carriers. It is also interesting to check whether this relationship exists in quantum
systems such as the quantum spin lattice systems.
Appendix A
Dimensionless Units in MD
Simulations
For any physical quantity, it can be expressed as the product of a dimensionless
number and an arbitrary dimensionful unit:
Dimensionful quantity = Dimensionless number ×Dimensionful unit (A.1)
For one dimensionful quantity, the dimensionless number to quantify this quantity
is different if different dimensionful unit has been chosen. For example, the dimen-
sionful of my weight can be expressed
My weight = 70× kg
= 154.32× pounds (A.2)
In the above example, the dimensionless number 70 with dimensionful unit kg de-
scribes the same physical quantity as the dimensionless number 154.32 with dimen-
sionful unit pounds. The choice of dimensionful unit of kg or pounds is arbitrary.
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Lattice parameters/variables Physical quantity Dimension
a lattice constant Length
m atom mass Mass
k inter-particle coupling strength Mass ·Time−2
V on-site coupling strength Mass ·Length2 ·Time−2
xi position Length
pi momentum Mass ·Length ·Time−1
H Hamiltonian Mass ·Length2 ·Time−2
Table A.1: Dimension of lattice parameters and variables for FK lattice.
However, the people in UK or USA may find the use of pounds is convenient while
others my find the use of kg is convenient.
The same situation happens for the choice of dimensionful units in MD simula-

















There are three independent fundamental units to determine this Hamiltonian:
Length, Time and Mass. In another word, every quantity in the Hamiltonian pos-
sesses a dimension which can be expressed by the combination of these three funda-
mental units. The dimension of lattice parameters and variables is summarized in
Table A.1.
The standard choices of the dimensionful units for the fundamental units of
Length, Time and Mass are meter, second and kg respectively. However, in the
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atomic level, the choices of these dimensionful units are not convenient. For example,
if the lattice constant a is 0.142 nm and the position x1 is measured as 0.071 nm.
In terms of the dimensionful unit of meter, from Eq. (A.1) they can be expressed as
Dimensionful quantity = Dimensionless number× Dimensionful unit
a = 0.142 · 10−9 ×meter
x1 = 0.071 · 10−9 ×meter (A.4)
The choice of dimensionful unit of length is arbitrary, thus we can choose the
lattice constant a which is 0.142 nm as the dimensionful unit of length in stead of
the standard choice of meter. For this dimensionful unit, the lattice constant a and
position x1 can be expressed in a compact form
Dimensionful quantity = Dimensionless number× Dimensionful unit
a = 1× 0.142 nm
x1 = 0.5× 0.142 nm (A.5)
From Eq. (A.4) and (A.5) it is clear that the dimensionless number of 0.142·10−9
with dimensionful unit of meter describes the same physical quantity of lattice con-
stant a as the dimensionless number of 1 with dimensionful unit of 0.142 nm. In the
theoretical derivation or computer simulation, we only deal with the dimensionless
number. Therefore, it is convenient to choose the lattice constant a as the dimen-
sionful unit of length in the MD simulation. The dimensionful units of time and
mass can be chosen in the same way. To recover the final physical quantities from
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Table A.2: Dimensionful units of length, mass and time for FK lattice.









H= H ′ ×ka2
Table A.3: Dimensionless expression of lattice variables for FK lattice.
the dimensionless numbers, we just multiply them with the appropriate dimensionful
units which have been used.
The procedure of using dimensionless units is like this. Given a Hamiltonian
with dimensionful units expression like Eq. (A.3), we choose the dimensionful units
of length, time and mass on the consideration of convenience. These choices are
arbitrary. For example, if the dimensionful units have been chosen as in Table A.2,
then every lattice variable can be expressed in terms of the combination of these
fundamental dimensionful units as in Table A.3. By substituting the expression of




































where a new dimensionless parameter K has been defined as K ≡ V/ka2. The above
equation is the dimensionless Hamiltonian of FK lattice which is actually used for
calculation in MD simulation. Every parameter and variable is dimensionless inside
this dimensionless Hamiltonian. The final physical quantity is recovered by the
multiplication of calculated dimensionless number and its appropriate dimensionful
unit.
In the study of heat conduction which is in the area of statistical physics, we








From the dimension analysis, the Boltzmann constant kB has the dimension of
[kB] =Mass·Length2·Time−2·Temperature−1. So the combination of ka2k−1B has the
dimension of temperature. For convenience, we can chose this combination ka2k−1B
as the dimensionful unit of temperature. Therefore the dimensionful temperature T
and the dimensionless temperature T ′ has the following relationship
T = T ′ × ka2k−1B (A.9)
Substituting the expression of dimensionful momentum and temperature into the










By dropping the factor ka2 from both side, we obtain the expression of dimensionless







Specific Heat of 1D Nonlinear
Lattices





where the Boltzmann constant has been set to unit and 〈H〉 is the ensemble average
of total energy at temperature T . It is convenient to split the total energy into
kinetic energy K and potential energy V . The specific heat consists of contributions
from kinetic energy as well as potential energy


















where qi could be the displacement xi or momentum pi.
The specific heat from kinetic energy is same for all systems as long as the
























The determination of specific heat c is now simplified to the determination of specific
heat from potential energy cV .
For Harmonic lattice with Hamiltonian










(xi − xi+1)2 (B.5)

































= 2 〈V 〉 (B.6)









The total specific heat of Harmonic lattice c = cK + cV = 1 which is the well known
results of energy equipartition theorem.
For any lattice system which can be described by the Harmonic lattice with small
perturbation, the specific heat can be approximated as c ≈ 1 for this perturbation
regime. This is the case for low temperature regime of FPU-β lattice, symmetric
FPU-α lattice and φ4 lattice. For FK lattice, the specific heat c ≈ 1 for both low
and high temperature regime.
At high temperature, the nonlinear interaction usually can no longer be ne-
glected such as FPU-β lattice and symmetric FPU-α lattice. However, the specific
heat of potential energy can still be derived analytically for these lattices at high
temperature limit T → ∞. Considering the Hs lattices with the following Hamil-
tonian










(xi − xi+1)s (B.8)







































= s 〈V 〉 (B.9)
112
The total specific heat is thus obtained







The specific heat for FPU-β lattice or symmetric FPU-α lattice can be approx-
imated as a constant for both low and high temperature regime. However, the




at high temperature regime for
FPU-β and symmetric FPU-α lattices respectively.
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